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read the pages indicated. 
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Modern Algebra Book I 
Dolciani, Berman and 
Freilich 

Houghton Mifflin, 1965 



Read EVERYTHING contained in these pages. 
EXAMINE every illustrative problem 
Write in your NOTEBOOK: 

1) Every RULE that has been stated 

2) Every DEFINITION that has been presented 

3) Solve at least ONE PROBLEM of each type covered in the lesson. 



If you wish additional information 

for enrichment purposes consult: Algebra I 

Dodes and Greitzer- 
Hayden Book Co., 1967 



You will be given additional notes at various places in the STUDY GUIDE. 
Thes'e,. too, should be entered in your NOTEBOOK. 
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VOLUME 3 SEGMEN T 1 begins here: 

Obtain a PUNCH CARD from your instructor. In addition to the other 
identifying information that must be furnished by you, you are asked to 
punch out the following: 

COLUMNS 48 and 50 11 (Sequence Number) 

54 and 56 £ 4_ (Type of Punch Card) 

60 and 62 P. 3. (Volume Number) 

66 and 68 £ i (Segment Number) 
Your READING ASSIGNMENT f or . the segment is pg: 56 - 57 . • 

SUPPLEMENTARY NOTES: 

It is extremely important for you to follow the procedures outlined in 
the text. Even though you may find that you can solve many of the 
problems without following the four steps, you must realize that you are 
being asked to learn a technique which will be necessary in handling 
more difficult problems. A little patience and a serious effort in this 
segment will make the rest of this course meaningful and useful to you. 

Now you will be asked a series of questions to draw your attention to the 
more important points. 

Question 1 

If John has 5 cents more than Alfred, which do you recognize as the 
best meaning for variable x ? 

(A) x is Alfred's money 

(B) x is the amount of money Alfred has 

(C) x is the number of cents Alfred has 

(D) x is the number of coins Alfred has 
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2 
1 

The correct translation of 

M m is ,! 

into algebra is 

M m = . . 

Since this choice states 

11 m less 3 is equal to 5p M 
which implies that m is larger that 5p • 

If contradicts the given conditon that m was less than 5p • 

Please return to page 2A and try question 3 again, 

2 

2 
2 

This eauation is a tranlation of the sentence, 

11 5 less than double n is n. greater than s 11 

The underlined letter was missing from the original statement of the 
problem, therefore, this choice is not correct even though it is very 
closer 



Please return to page 27 and try question 6 again. 

2 



3_ 
1 

This choice can be read as 

11 w increased by 3 is 7 which is greater than n 11 . 

The one underlined word was missing from the original problem, and that 
makes this choice incorrect. As a matter of fact, this choice is not 
one open sentence; but a combination of open sentences. 



Return *\o page 20_ and try question 5 again . 
2 

3 
2 

None of the values included in your answer are wrong; but consider this: 

If n were equal to 20 , 
then n - 10 would be 10 
which is smaller than 28 . 

Therefore, there is no need for n to be smaller than 18 . You have 
introduced an unnecessary restriction. 

This choice is not correct since you omitted some of the possible 
answers . 



Please return to page 30 and try question 9 again. 

2 
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_4 
1 

If you reread the problem you will discover that Peter's age is described 
in terms of Bob's age three years ago . This quantity represents the 
independent variable. Therefore, it is not best to use y to represent 
Bob's age today. There is no question that it could be used in this 
manner, but that was not the question. 



Return to page 19 and try question 2 again. 
2 



4 
2 



The quantity on the left side of the open sentence is a correct represen- 
tation of the first sentence in the problem. The quantity on the right 
is a correct representation of the first part of the second sentence. 
However, which of these two is the larger? 



This choice is not correct, 



Return to page 22 and try question 7 again. 

2 



III 



would you represent the number of boys? 



Then doesn't this choice say that the number of boys is 25 ? 



That is not the statement of the problem; you have omitted something, 



Return to p?,ge 29_ and try question 4 again. 



I 
2 

If x were equal to 1 , there would be no meaning to 

2x - 6 since we cannot subtract 
6 from 2 and arrive at positive numbers. Since 1 is a member of 
the set offered in this choice, this choice is not correct. Although 
there are other members of the set you chose that will produce a positive 
number when substituted, we cannot include them in the solution set. 
The solution set must be restricted to only possible answers. 



Return to page 33_ and try question 11 again. 
2 
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What exactly does this choice mean? 

Remember, it is necessary for a letter to represent a number . But a 
number of what? 

You can find a better choice. 



Return to page _1 and. try question 1 again. 
2 



6 
2 

Since 6x means 6 times the value of x , snd the smallest value 

for x in the replacement set is 10 , it follows that the value of 6x 

alone would be larger than 42 for any of the numbers in this set. 

Substitute each value of the set for x in the given equation, before 
you make your decision ♦ 

Therefore, this choice is not correct. 



Return to page 17_ and try ques tion 8 again . 
2 



This choice is a correct statement; it just happens not to be the correct 
answer to the question. 

This statement says, 

M v increased by 3 is greater than n ". 

There is not any mention of the number 7 which appeared in the original 
prob lenw 



Please return to page _20 and try question 5 again. 

2 



7_ 

2 



One of the members of the set offered in this choice is the number 3 
If the value of x is 3 , then the width of the rectangle is 



which has no meaning. 

Since a member of the set gives us a meaningless expression, this choice 
is not correct. 



Please return to page 21 and try question 12 again. 

2 
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You must include all the possible answers when you make an inequality 
statement . 

In order to have a result smaller than 28 after subtracting 10 , it 
is necessary to start with a number less tfian 38 . 

Then this choice is correct. 



Please roceed to question 10 below. 

8 
2 

Question 10 

Apply your knowledge to find the solution of the open sentence 

23 - n <C n 

(A) n < 12 

(B) n < 13 

(C) n > 10 

(D) None of these. 
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You have mixed up something. Why should the tctal be added to the 
number of girls ? 

In any case, this equation is very strange. It says that the result of 
adding 5 to a number is the same as the result of adding 25 ! 



Please return to page 29 and try question 4 again. 

2 



9_ 

2 



The expression 

2 ( n - 5 ) 



is a translation of 

11 double 5 less than n ". 

But the statement of the problem had the words in a different order, 
therefore, this choice is not Correct. 



Please return to page 27^ and try question 6 again. 

2 
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1 

This is certainly a correct description, but it is not specific enough. 

Does this mean the number of yards of money? 

You must be specific in naming the type of quantity. 



Please return to page 1 and try question 1 again, 

2 



10 
2 

This choice says that some quantity is greater than the original number , 
But the problem said that one quantity which came from the number is 
greater than a different quantity which also was obtained from the number. 
Therefore, this choice is not correct. 

It is a good practice in complicated problems like this one to list £ 
set of definitions of what each quantity is represented by. 



Please return to page 22 and try question 7 again. 

2 

O 

ERLC 



11 
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Your choice is almost correct. In fact, the error was in your interpre- 
tation of English, not in the algebraic representation of interpretation. 

There are two possible cou-radic Lory interpretations of a statement such 
as 

11 m is 3 less than 5 times p 

(1) m is ( 3 less than 5 ) ( pause ) times p 

which you chose. It really means 2 times p 

(2) m is 3 less than ( pause ) ( 5 times p ) 

which is correct. 

Now here's the key. In the absence of emphasis by voice pacing or 
punctuation such as commas or parentheses, the multiplication of 5 and 
p takes precedence over the subtraction and is, therefore, to be done 
firs t . 



Please return to page 24 and reconsider the question. 

2 
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12 
1 

You seem to have confused 

" increased by 3 11 

with 

" 3 tines " 
3w 

means 

3 times w 

Therefore, this choice is not correct. 

Please return to page 20 and try qus^ion. 5 again, 

2 



12 

2 . 

If you were to evaluate the expression 

6x + x 

for the largest value of x offered here, you would get 

6 ( 5.5 ) -f- 5.5 = 
33.0 + 5.5 = 

38.5 

But this is too small to equal 42 . Therefore, 5.5 is not the 
solution. Now you can see that a smaller value for x will make the 
value of 

6x + x 

even smaller than 38.5 . 

Therefore, no number in this set is the solution, and this choice is not 
correcx.. 

TI^v^?e return to page 1/7 and try question 8 again. 

2 III 



13 

I 

Reading this problem we are led from Peter's age to Bob's age three years 
ago* It is, therefore, not best to use y to represent Peter's age if 
y is to represent the independent variable. Of course, if could be done, 
but rhe question asked for the best meaning for y as well as the 
identification of the independent variable. 



Please return to page 19 and try question 2 again, 

2 

13 
2 

The choice n < 12 

says that any value less thaa 12 is a solution. Well, suppose we try 
a few as a check. 

Now if n = 11.6 
then 23 - n 
11.4 

Now 11.4 is smaller than the value we chose. So that is correct choice, 
However, suppose 

n = 10 
then 23 - n 
13 

But 13 is not snraller than the value ( of 10 ) which we just chose 
for n . 

So one possible value of our choice is correct and one is wrong. The 
solution must be some statement such, that any value which fits it, will 
also fit the original cpen sentence. This choice is not correct. 

Q Please re m : ■■■■ » to page 8 and try question 10 again. 
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In order to get the number of children in the class, you ought to add 
the numbers of boys and girls. What did you do? 

This choice is not correct. 



Return to page 29 and try question 4 again. 
2 

14 
2 

When you make a statement in algebra, you should check it by looking at 
it from a common sense point of view, asking yourself M what does this 
really mean 11 ? 

If n were smaller than 2.8 , what would be the meaning of n - 10 ? 

Remember thai: n - 10 tells you to subtract 10. from the value of n 
and this would only have meaning if n is at least 10 . 

This choice is not correct. 

Return to page 30 and try question 9 again. 
2 
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It is correct for x to represent a number, but why the number of coins? 
Is it the number of coins or the value of the money we are concerned with 
in this problem? In what units should we express the value of the money? 



Return to page 1 and try question 1 again. 
2 



15 

2 



This choice is a translation " of the statement, 

11 Double n is 5 less than s 

Since the problem didn't call for 5 less than s , this choice is not 
correct . 



Return to page 27_ and try question 6 again. 
2 
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If x were equal tc 2 then 

2x - 6 

would equal 

4-6 

and we cannot subtract 6 from 4 and get a positive number. Since 
2 is a member of the set offered in this choice, this choice is not 
correct e 

Although there are other members of the set which will produce possible 
answers we cannot include in the solution set members that won't produce 
the desired answer. 

Please return to page 33 and try question 11 again. 

2 

16 

2 

If x is an integer, then 

x - 4 

is also an integer. 

But there is no reason why the length of a rectangle has to be an 
integer; or why its width should be an integer. 

Then this choice is not correct. 



Please return to page 21 and try question 12 again. 

2 
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The quantity on the left side of this open sentence is a translation of 
" double the result of increasing a number by 3 M . 

The quantity on the right side is a translation of 

11 the result of increasing double a number by 3 ". 

Since the one on the left is the larger, this statement agrees with the 
original problem and, therefore, this choice is correct. 

Proceed to question 8 below. 



17 
2 

Question 8 

Apply your knowledge to find the set which contains the solution of the 
eq uation 

6x -fx = 42 
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1 

When we have the phrase " less than 11 , we have to be very alert when we 
translate. The elements can not be kept in the same order in algebra as 
in English. 

3 less than 5 times p 

is not 

3 - 5p 

Instead, we must reverse the order to ( y> 

5 times p diminished by 3 



or 

5 



which is correct. 



Please return to page 24 and reconsider question 3 again. 

2 



18 
2 

The choice 

n < 13 

says that , any value of n less than 13 is a solution to the open 
sentence . 

However , if n = 11 
we find that 23 - n = 12 
which is not less than the value which we just used for n . Of course, 
you should be able to find a value of n less than 13 for which the 
statement does check. 

Since it does not check for every value of n less than 13 this choice 
is not correct. 



Please return to page 8 and try question 10 again. 

2 III 
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1 

Since it is necessary for x to represent a number, it is only necessary 
to decide what units would be most reasonable. 

The only money units mentioned in the problem are cents , and therefore, 
this " choice is correct. 



Proceed to question 2 below. 



19 
2 



Question 2 

Peter's present age is twice the result of adding 9 to Bob's age three 
years ago* Which do you recognize as the best meaning for y if it is 
to represent the independent variable. 

(A) y represents Bob's age 3 years ago 

(B) y represents Bob 's age today 

(C) represents Peter's age today 

(D) y represents Peter's age three years ago. 



Ill 
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If there are £ girls in the class, then the number of boy? ■ -Mould be 
represented as 

g + 5 

since we were told that there are 5 more boys. Then we must add the 
number of boys and girls to get the total of 25 . 

This gives us the equation of this choice, which is, therefore, correct. 



Please proceed to question 5 below. 
20 

2 • 
Question 5 

If w increased by 3 is 7 greater than n , choose the open sentence 
which states this fact. 



(A) w + 3 = 7 > n 



(B) w + 3 > n 



(C) 3w + 7 > n 



(D) w • + 3 « n + 7 



III 



For any value of x larger than 3 the va~ nc of 2k is 1l r 
than 6 and then the value of 

2x - 6 

is larger than 0 - 

Since positive numbers are greater than zero, thi : * i_ce is correct. 



Please proceed to question 12 below. 



Qo.es tion 12 

If the width of a rectangle is 

x - 4 

where x represents the number of centimeters in .the length, choose the 
number of centimeters in the length, choose the domain of x . 



(A) -j all integers } 



| all integers * > 4 j 



(C; < all .. 'r ; ^rs 



{ 



(D) J all numbers 



22 
1 

The ::a\slation jf 
is 

The t -=nslatior: cf 
Is merely 
Then uhis choice Is 

You should note that the translation of 

n is p greater than s u 

is 

s + p 

The slight difference between this wording and the wording of the problem 
itself makes the difference between the equal sign and the inequality 
sign. 

Please proceed to question 7 below. 

22 
2 

Question 7 

A number was doubled and the result increased by 3 • If the number had 
been increased by 3 and the result doubled, we would have obtained a 
larger number than before. Apply your knowledge to find the open sentence 
wb±ch states this relationship. 

(A) 2 ( n + 3 ) > 2n + 3 

(B) jt + 3 > 2 ( n + 3 ) 

(C) 2 n + 3 ) > n 

(B) 2n + 3 > n III 



5 . ,iss than double n 
1- - 5 

11 is gr eater than s 11 
> s 

correct. 



Thii -ice snys that: nere is -.a solution ~o the equation. Is that 
whan you zieant to say. It is no: rhe correct choice. 

If v 3 u substitute each of the vnluas £r ^nake a judgment concerning the 
pr able size of the solution ) s j~ ... will find that there _is^ one value 
thi.. solves the equation . 



F lease: return tc -age 17_ and tzy qustior. 8 again, 

2 



23 
2 



The a::^)ice 

n > 10 

says that any valus of n greater thai; 10 is a solution of the open 
sentence . 

However , if 

n = 11 

we find that 

23 - n = 12 
vhiih is not less than the value which we just used for n . 

course, you should :e able to find a value of n greater than 10 
which the statement does cheeky turn since it does not check for 
II vai — °f n grsnrer than 1£S ; tills choice is not correct, 

1 ..ease return to page and try question 10 again. 



Ill 



T: rr;:: Ian deals with Peter's age air-;. Bcb's age. In reading the r - -ble- 
yc - c . led f-om Peter's age to 3ob*^ age three years ago . This t;:;er; 
we--.. e the independent variable. Lr is therefore, best to use yc ■ or 
^r.^r - ..:ent variable to represent this underlined quantity. 

7nen ^ choice is correct. 



rrroc.-id to question 3 below. 



Cue.- 5 ti on 3 

Zr m is 3 less than 5 times p , choose the equation which states 

zri^s. fact. 

(A) an = 5p -3 

(B) m - 3 - 5p 



(C) m « ( 5 - 3 ) x p 



(D) m = - 5p 



III 
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Since ont it :r = rher chorees ..3 :orre, ~his is n::, 

There rrjf r t be east one number frcr v .ch you coulr = tract and 

get an an* _.-5 than 28 , -jidn T u -■' say? 



You mLght i__:;c~ try this approach. 

We are 3 ookzrrg fbr ~:alues of n which nahe the left-hand sice smaller 
than the righr-iianc side. 

Let us the: largest number: offered t: .5 since if the largest nanfcTT 

works, "T-e otmers wrlll al£" : 

Using 1/ for r wra have: 



Please re 



*r c "::age 30 and try rues tic n 9 again- 



2 



12 



+ 1C 



ch equals 



65 



+ i: 



ic i 



This cerrairly rot smaller rhan 26 



Since on .clue does cot check, 



this is not .: J jp ^olartion s^t, 



Then, th- s 



•:noica 1 



not 



Please return tc p«£ge 31 and rry question 15 ag..._n. 

2 

111 



S.vostituting: 2 for x in the vr-rciualltr- , ve get 

12 

'.:hi~h is certainly less than 2 , 

•iovr:.ver. this is not the only :-, ^-mber of the dcnain for whirr, the in- 
: q ..... Li ty checks. 

Z:\ls choice is, therefore, incorrect. 



Ple.^e- return to page _43 and try cues t± on 14 again, 

2 



26 
"? 

If 10 is increased by half: of ixseifi, ivoich is 5 f the result — £ 15 „ 
Then if ;. r e used a number smaller than J) , ~we would get a resul: smaller 
than 15 ; it certainly couLdn'- be lc . 

I .en this, choice is not correct* 



Please rerurn to page 49_ and trr question 16 again, 

2 

III 
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*r increased by 3 



is 



-r 3 



Is 7 greater than a 



translates as = n + 



Then the orrecr equation is 

v -r 3 = n -r 7 , 

and t:.:i£ choice is correct. 

You s/iiould r^^iize chat nhe sign > means only " is greater than 11 , 
vhlLe = . . - — r rnieans 

" is r greater than 11 . 

■proceed to qmes -ion t belov. 



Quest! ~m 6 

If 5 Liiiss t an double n is greater than s , choose the open sentence 
which spates ".his fact. 



27 
2 



5 



n 



(C) 2 ( n - 5 ) > 8 



2n 



5 



> s 



(D) 2n > s 



5 
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1 

If >: is larger than 4 then 

x - 4 

Is larger tnhan zero. 

Sines both the length and the width of a rectangle must be larger than 
zero, this result is reasonable. This choice permits both th= length 
and the width to be either whole numbers or fractions, which correct. 

Therefore, this choice is correct. 



Please proceed to question 13 below. 



28 
2 

Queg^rLjjr 13 

I if a haba r dasher has 

3s + 4 

shirts left in stock after selling some of the five dozen he started with, 
apply ;vou-: knowledge to find the domain of s . 



(A) | all positive integers J- 

(B) | all numbers \ 

(C) | all positive integers < 19 J 

(D) | all numbers < 19 j 



29 
I 

The sentence 

11 a is 3 less then 5 tines p " 

must be punctuated as 

m is 3 less than C pause ) 5 times p 

m ( 5p ) - 3 

«• 

The translation of 

11 is three less than 11 into algebra is 

a • » J 

5 times p is translated as 5p . 

This choice is correct. 

Please proceed to question 4 below. 

29 
2 

Question 4 

The number of boys in a class is 5 more than the number of girls . 
If g represents the number of girls, choose the open sentence which 
expresses the fact that there are 25 children in the class . 

(A) g + 5 =25 

(B) g + ( g + 5 ) = 25 

(C) g + 5 = g + 25 

(D) g ( g + 5 ) =25 



III 



30 
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Since 6x means 6 times x , it follows that the value of 6x is 
36 when x is 6 . 

Then 6x + x 

would be 36 + 6 

which is 42 

Therefore, this choice is correct. 

Notice that you were to find the set which contained the solution. It 
didn f t mean that every member of the set would be a solution. 



Please proceed to question 9 below, 

30 

2 

Question 9 

Apply your knowledge to find the solution of the open sentence 

n - 10 < 28 

(A) n < 38 

(B) n < 18 

(C) a < 2.8 

(D) None of these 
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Remember, the solution set must include all of the possible values and 
none of the impossible. 

Since x + 5x = 
6x 

we have 6x <C 20 
This inequality checks for 

x = 0 

and also for 

x = 2 

It does not check for 

x = 4 

or 

x = 6 

Therefore, this choice is correct. 
Please proceed to question 15 below. 

31 

Question 15 2 

If the domain is f *] 

-s odd integers between 3 and 15 j 

apply your knowledge to find the solution set of the open sentence 

2n + 5n + 10 < 26 

(A) { 5 , 7 , 9 , 11 , 13} 

(B) 0 
(O { 5 } 



(D) 



{3,5,7, 9 , 11 , 13 , 15} 
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Careful reading is a must in algebra. 

A correct translation for this choice is, 

11 If 3 times a number is increased by 3 times a 
number, the result is 19 
Bur the original problem did not state that, 
therefore, this choice is not correct. 

How do you represent 

M 3 more than a number 11 ? 

Please return to page 51 and try question 18 again. 

2 

32 "~ 
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You have correctly translated 

two less than five times the number of kitchen workers 
as 5n - 2 

In expressing the fact that the number of campers was 

four times the number of counselors 
you have made an error. Why did you use 

4 times 5n 

and subtract 2 ? 

Did you make a mistake in the way you used the parentheses? 
This choice is not correct. 

Please return to page J55 and try question 20 again. 

2 III 
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Since none of the other choices is correct, this one is. 



You should note that if n were to be 



11.5 



23 



n 



would equal n . 

Since we wanted the subtraction to give a smaller result, we needed a 
larger value for n . That is, the solution is all values of n greater 
than .11.5 . 

Since all the other choices permitted some values of n less than 



11.5 



they were not correct. 



There was no choice calling for values of n greater than 



11.5 



that is why we are forced to make this choice. 



Please proceed to question 11 below. 
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Question 11 



A positive number is represented as 



2x 



6 



Apply your knowledge to find the domain of x 
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The cost of 3 bookcovers at 48 cents each is $1.44 . Since there 
were two more notebooks than bookcovers, we would have 5 notebooks. 
The cost of each notebook was 4 times the cost of each bookcover; Then 
each notebook cost $1.92 . The total cost of 5 notebooks at 
$1.92 each is $9.60 . Without doing any more arithmetic, we can see 
that the total for all these purchases is more than $2.76 . Therefore, 
this choice is not correct. 



Return to page 42 and try question 17 again. 
2 
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Since he began with 5 dozen shirts, and he has sold some, he now has 
less than 60 shirts. The number 20 is a member of the set offered in 
this choice. 

But if s is 20 , then 

3s + 4 

3*20 + 4 which is 64 . 
This is impossible; he started with only 60 . 

Then this choice is not correct. 



Return to page 28 and try question 13 again. 
2 
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If a number is smaller than 12 , then half of it is smaller than 6 . 
This would give us a total smaller than 18 for the number increased 
by half of itself. 

Then this choice is not correct since we wanted a total of 18 . 



Please return to page 49 and try question 16 again. 

2 
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The problem reads, 

11 Twice a number increased by 5 less than half the number ... 11 

This choice can be translated as, 

" Twice a number increased by 5 and the result decreased by half 
the number ... 11 

Please note that the underlined phrase must be kept together as one 
phrase to get meaning from the sentence. 

Since there is an error in the translation, this choice is not correct. 

Please return to page 46_ and try question 19 again. 

2 
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It is true that 

9 .= 6 + 3 

but this statement merely shows an equivalence: the possibility of 
replacing 

9 by 6 + 3 

This illustrates another fundamental principle, the SUBSTITUTION PRINCIPLE. 

You were asked to choose an example of the REFLEXIVE PRINCIPLE ( which 
merely states that a thing is equal to itself. ) 

Return to page 53 and reconsider the question. 

36 
2 

Of course it is true that 

6 + 9 

is the same as 

15 

and if 

6 + 9 - x 
then 15 will equal x 

but this is an example of the SUBSTITUTION PRINCIPLE. 

Check the definition of the SYMMETRIC PROPERTY in your text before you 



Return to page 68^ and reconsider the problem, 
2 
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Remember the solution set must contain all of the possible values and 
none of the impossible. 



Although the set you chose does contain a correct value, substituting 
4 for x in the inequality, we get 

4 + 5*4 = 

4+20 

24 

which is not less than 20 . 



Then this choice is not correct. 

Please return to page <43 and try question 14 again. 

2 
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Sometimes it helps to translate your algebra back to English. 

A correct translation for this choice is 

M 3 more than a number is 19 more than 3 times the number 

But that is not what the problem stated. 

Therefore, this choice is not correct. 



Return to page 51 and try question 18 again. 
2 
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Do you understand that you must substitute the chosen value in the 
original statement to test its correctness? 



-ning the two terms 

2n + 5n 
gives us 7n 



a i± we substitute 5 for n we get 

7*5 + 10 
which equals 35 + 10 

or 45 



I'his is certainly not smaller than 26 . 

Therefore, this choice is not correct. 

Return to page 31 and try question 15 again, 
2 

i 3 
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The cost of five book covers at 12 cents each is 60 cents. Since 
there were two more notebooks than book covers, we would have seven note- 
books. But the cost of each notebook was 4 times the cost of one book 
cover; then each notebook cost 48 cents. The total cost of seven note- 
books at 48 cents each is $3.36 . 

Without doing any more arithmetic, we can see that the total for all 
these purchases is more than $2.76 . 

Therefore, this choice is not correct. 

Return to page t*2_ and try question 17 again. 
2 
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A -umber less than 19 could be a fraction such as 12 . 
But then 

3s - 4 

would also be a fractic nd s: ce this is a irroer of shirts; that 
impossible. 

Therefore, this choice .3 not correct. 



Please return to page _28 and try question 13 again, 

2 
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If a number is larger than 12 , half of it is larger than 6 . Then 
the number increased by half of itself would be larger than 18 . 
However, we wanted the total to be 18 . 

Therefore , this choice is not correct . 



Return to page 49_ and try question 16 again. 
2 
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This jpen sentence shows very good translation from English into algebra. 
However, there is one item you overlooked. The problem mentioned the 
number 36 , which does not appear in this choice. 

Did u overlook it in reading the problem? 

Sinc^ it has been omitted, this choice is not correct. 



Return to page ^ and try question 19 again. 
2 

40 
2 

Of course. it is true that 

9 = 3x3 
This statement shov?s that 9 is equivalent to 

3x3 
and that it can be replaced by 

3x3 

This is an illustration of a different fundamental principle, the 
SUBSTITUTION PRINCIPLE. You were asked to choose an example of the 
REFLEXIVE PRINCIPLE which merely states that a thing is equal to itself. 



Please return to page 53 and reconsider question 1 

2 
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1 



Sometin^s it helps to translate your algebra back into English, 

correct translation for this choice is 

11 3 more than 3 times a number is 19 " . 
But that is ot what the problem stated. 

Therefore, tikis choice is not correct. 



Return to page 51 and try question 18 again. 

2 
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Careful reading is necessary- 



The problem stated that the number of campers was 4 times the number 
of counselors, but you have represented the number of campers as 4n , 
which would be 4 times the number of persons employed in the kitchen. 



Therefore, this choice is not correct. 



Please return to page 55. and tr Y question 20 again. 

2 
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If a number is larger than 10 , then half of it is larger than 5 , 
This woi.ild give us a total larger than 15 for the number increased by 
half of itself. Since we wanted a total of 18 , this is reasonable. 
Of course, until we hcive found the number, wb can ? t be sure that there 
is s-'.'h a number. If you try the next larger even number, you will find 
the correct one. 

Since the solution is an even number which is larger than 10 , this 
choice is correct. 

Please proceed to question 17 below. 
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Ques tlon 1~" 

Jay bought some notebooks and book covers at a total cost of $2,76 . 
Each notebook cost 4 times as much as a book cover, and he bought two 
more notebooks than book covers. Apply your knowledge to check the 
following choices in order to find the number of book covers he bought 
and the price he paid for each book cover. 

(A) Three book covers at 12 cents each 

(B) Three book covers at 48 cents each 

(C) Five book covers at 12 cents each 

(D) Five book covers at 48 cents each 
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According to this choice, the largest value s could have is 18 . 

Then 3s +4 

would be 3 * 18 + 4 

or 54 +4 

which equals 58 

It is possible that he has 58 shirts left out of the 60 • Therefore, 
this choice is correct. Of course, we must recognize that' 1 s * must be 
an integer so that 

3s +4 

will be an integer since this represents a number of shirts. 
Please proceed to question 14 below. 

43 

* 2 

Question 14 

For the open sentence 

x + 5x < 20 

where the domain is r } 

[0 , 2 , 4 , 6) 

apply your knowledge to find the solution set. 

(A) jo , 2 } 

(B) { 2 } 

(C) { 0 , 4 . J 

(D) { 2 , 4 , 6^ 
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Comb ining the two terms 

2n + 5n 
gives us 7n 

Now we are looking for the solution set of an inequality where the left 
side is to be smaller than 26 . Let us try the smallest element of the 
domain 3 as the value for n . 

We have 7 * 3 + 10 
which equals 21 + 10 

or 31 

It is certainly not smaller than 26 , If we used a larger value for n 
the result would be even larger than 31 . 
Therefore, this choice is not correct. 

How did you arrive at this choice? Did you select it because it is the 
domain itself? Remember, each element must satisfy the conditions. Did 
you check any of them? 

Please return to page 31 and try question 15 again. 

2 
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Sorry, but we do not agree. The relation 

11 is larger than " 
is not reflexive. It is not possible for a quantity to be larger than 
itself; that is, a ^ a 

The REFLEXIVE PROPERTY relates a quantity to itself. 



Please return to page 58_ and try this question agian. 

1 
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Yes 

6 + 9 

has the same value as 

9 + 6 

they both equal 15 , but this is an example of the COMMUTATIVE PRINCIPLE : 

a + b = b + a 
However, the SYMMETRIC PROPERTY is somewhat different. 



Check the explanation in your text before you return to page j68 to 

2 

try the question again. 



45 
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Although 

17 + 9 does equal 26 

and 39 # 13 also equals 26 

your choice is equivalent to the following: 

if a = \ c 

and b = c 

then c = c . ' 



This is not the TRANSITIVE PROPERTY, which is as follows; 

if a - b 

and b = c 

then a = c 



Please return to page 64^ and reconsider the question, 

2 
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Since 3 more than a number is represented as 

n + 3 

and 3 times a number is represented by 

3n 

the expression n + 3 + 3n 

represents 3 more than a number increased by 3 times the number, but 
that is exactly what the problem called for. 

Therefore, this choice is correct. 

Please proceed to question 19 below. 
46 

2 Question 19 

Twice a number increased by 5 less than one-half the number is 36 
greater than the original number. 

Apply your knowledge to find the open sentence which fits the problem. 

(A) 2n + 5 - -| n = 36 

(B) 2n + ( | n - 5 ) > n 

(C) .2n + '( -| n - 5 ) « n + 36 

(D) 2n + y(n - 5 ) = n + 36 
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The cost of five book covers at 48 cents each is $2.40 . Since each 
notebook cost 4 times a bookcover, the price of a notebook would be 
$1.92 „ Then with only one notebook and the five book covers we would 
have spent more than the $2.76 stated in the problem. 

Therefore, this choice is not correct. 



Please return to page 42 and try question 17 again, 

2 
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You have done a fine job of representing the number of counselors as 



5n - 2 

In attempting to represent the number of campers, however, you ran into 
difficulty. You have represented the number of c— r>ers as 2 less than 
4 times 5 times the number of persons employed in the kitchen. 

Of course, that was not what you intended. What must you do to correct 
this error? 

That 1 s right; read very carefully! 

Please return to page 55^ and try question 20 again. 

2 
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It is true that your choice is a true statement, for 9 does equal 

23-5 
2 

However, this is not an illustration of the REFLEXIVE PRINCIPLE. 
That principle merely states that a thing is equal to itself ( not i 

other equivalent form which would be the application of the 

SUBSTITUTION PRINCIPLE. ) 



Please return to page 53 and reconsider the choices offered for 

2 

question 1 

48 
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Your choice doesn't pass the test for the SYMMETRIC PROPERTY, The test 
is "to determine whether the left and right sides of the relation symbol 
can be interchanged resulting in a true statement without altering the 
relation symbol. 

For example: if a (Rj b is true and 

b (r) a is true . 
then the relation is symmetric. 
Let ! s take a practical example: Suppose (r) stood for " parallel ,! then 
if it were true that for two lines a and b 

a / / b 

it would also be true that 

b / / a 

Therefore, the relation / / is said to have the SYMMETRIC PROPERTY. 

Please return to page 59 and reconsider the question. 

2 
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There is some tricky reasoning in this explanation. 
Combining the two terms 2n + 5n 
gives us 7n 
Then we have 7n + 10 
is smaller than 26 
which means that 7n 
is smaller than 16 
But of all the choices offered for the domain of n the smallest element 
was 3 and 7-3 is not smaller than 16 , Then there is no element of 
the various domains which satisfies the open sentence; that is, its 
solution set is the empty set. 

Therefore, this choice is correct. 
Please proceed to question 16 below. 
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Question 16 

A number increased by half of itself is 18 . Apply your knowledge to 
find which set contains the number, n . 

(A) even numbers < 10 ^ 

(B) I odd numbers < 12 } 

(C) | even numbers > 10 ^ 

(D) | odd numbers > 12^ 
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ERLC 



50 
1 

You represented the number of counselors correctly as 

5n - 2 

In representing the number of campers as 

4 ( 5n - 2 ) 

you did an excellent job of using parentheses. Since the total was 68 ; 
and you expressed that in your equation. 

This choice is correct. 

You have now finished Segment 1 
Hand in the Punch Card, 

You should enter in your Notebook the following: 

Standard Translations : 
is greater than p 
is less than p 
is m greater than p 
is m less than p 
w less than p 
w more than p 
is , ar e , was , were , etc , 

You should now be able to complete Homework Assignment 3 , problems 1-14 



> P 
< P 

= p 4- m 

= p - m 

p - w 

p + w 
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If he bought three book covers at 12 cents each, the total cost would 
be 36 cents. From the information in the problem, the number of note- 
books is two more than the number of book covers; then there were five 
notebooks . 

Since each notebook cost 4 times as much as a book cover, the price of 
a notebook would be 48 cents. Then five notebooks at 48 cents each 
cost a total of $2.40 . 

Adding the two purchases together, we get $2.76 which is the figure 
given in the problem. 

Therefore, this choice is correct. 

Please proceed to question 18 below. 

51 
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Question 18 

If 3 more than a number is increased by 3 times the number, the 
result is 19 . Apply your knowledge to find the open sentence which 
fits the problem. 

(A) 3n + 3n = 19 (C) n + 3 = 3n + 19 

(B) n + 3 + 3n = 19 (D) 3n + 3 = 19 
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Remember, we warned you about "less than 1 a M.t earlier. The key 
phrase in this problem is, 

5 less than one-half the r;;; ,: x:r l " 



The expression 



■j ( n - 5 ) is a tran-.lc.: v: u of 



"one-half of 5 less than the. number." 
Since this is not the same as the original, this. iVuoice is not correct. 



Please return to page _46 and try question 19 again. 

2 
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Since the REFLEXIVE PROPERTY relates a quantity to itself, the questi 
that you should ask yourself is: 
Can a < a be true? 



Please return to page 58 and try this question again. 

1 
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VOLUME 3^ SEGMENT 2 BEGINS HERE: 

Obtain a PUNCH CARD from your instructor. In addition to the other 
identifying information that must be furnished by you, you are asked 
to punch out the following: 



COLUMNS 


48 


and 


50 


1 


2 


(Sequence Number) 




54 


and 


56 


0 


4 


(Type of Punch Card) 




60 


and 


62 


0 


3 


(Volume Number) 




66 


and 


68 


0 


2 


(Segment Number) 



Your READING ASSIGNMENT for this Segment is page 69 - 71 
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SUPPLEMENTARY NOTES : 

You have heard expressions such as: Mr, A is older than Mr, B; Jack 
is as tall as Bill; seven is greater than five and so on. Each of 
these expressions indicates a comparison between two things. We call 
this comparison "a RELATION", Now, there are many different types of 
relations, but the ones most frequently encountered in mathematics are 
the relations "is equal to 11 , "is greater than", and "is less than", 



Some relations have different properties than others. For example, 

if a and b are two numbers; then a is equal to b implies that 

b is equal to a . However, if a is larger than b does not imply 

that b is larger than a . Thus , the relation is equal to has 

different properties than the relation is larger than . In this segment you 

will learn the various properties of relations and their usefulness 

in mathematics- 



You will now be asked a series of questions to draw your attention to the 
more important points. 

Question 1 

Recognize which of the following choices demonstrates the REFLEXIVE PROPERTY 
OF EQUALITY, 

(A) 9 - 6 + 3 

(B) 9 - 9 

(C) 9 - 3 x 3 
23-5 
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(D) 9 - 
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This choice is an example of the ASSOCIATIVE LAW FOR ADDITION. 

When given three or more quantities to add, two adjacent quantities 
can be grouped and added first before the remaining quantities are 
added. 

However, you were directed to choose an example of the SYMMETRIC 
PROPERTY OF EQUALITY. 



Please return to page 68^ and try the question again. 

2 
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Sorry, but we do not agree. 

For example, if Mr. X is the father of Y , and Y is the father of Z ; 
then Mr. X is the grandfather of Z . 

Therefore, the relation "is the father of" is never a transitive relation. 



Please return to page 69^ and try this question again. 

2 
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The key phrase in this problem is 

Tl 5 less than one-half the number. 11 

It is correct to translate it as 

1 

2 n - 3 

Then the statement, 

" is 36 greater than the original number ,T 
should be translated as 

. . . = n + 36 

Thus, the open sentence which expresses the relationship is 

2n+-|n-5 = n + 36 

Therefore, this choice is correct. 
Please proceed to question 20 below. 

55 
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Question 20 

At a certain camp there were _n persons employed in the kitchen. The 
number of counselors was two less than 5 times the number of kitchen 
workers, while the number of campers was four times the number of 
counselors. If the total number of individuals in these three categories 
was 68 , apply your knowledge to select the equation which states the 
relationship in the problem. 



(A) 


n 


+ 


( 


5n - 


2 


) 


+ 


( 4 


) 


5n - 


2 


= 68 


(B) 


n 


+ 


( 


5n - 


2 


) 


+ 


4 


( 


5n - 


2 ) 


= 68 


(C) 


n 


+ 


( 


5n - 


2 


) 


+ 






4n 




= 68 


(D) 


n 


+ 


( 


5n - 


2 


) 


+ 


4 


# 


5n - 


2 


= 68 
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It is true that 

if 9 + 5 = 14 (by subtracting 5 f 

an <3 5 = 5 both sides of the equation) 

then 9 =14-5 

But this is an illustration of the SUBTRACTION AXIOM, 

The TRANSITIVE PROPERTY is symbolized as follows: 
if a = b 

and b = c 

then a = c 



Please return to page 64^ and reconsider the question, 

2 
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In order for a set to be closed under an operation, each combination of 
the elements of the set must result in a number that is itself a member 
of the same set- 

Now when two odd numbers are subtracted, the result is an even number. 
Your set doesn't contain any even numbers, just odd. 

Try all of the combinations in the set you choose when you try this problem 
again before you make a commitment. 



Please return to page 7£ and reconsider the question. 

2 
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You said that 



if 
and 
then 



x = y + 2 

w = y + 2 

y + 2 = y + 2 



Of course, by the REFLEXIVE PROPERTY, any quantity equals itself; but 
this does not illustrate the TRANSITIVE PROPERTY . 



Please return to page 78_ and try the question again. 

2 
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When the elements of a set are listed individually, it does not mean that 
the same element can't be used more than once. Suppose, for example, you 
were asked to compose words that were spelled with T and 0 . Of course 
you would choose TO ; but couldn't you write TOO , or TOOT , or OTTO 

In this choice you were given the set | 0 , 1 ^ . Now keeping in mind 
what we just said, couldn't you choose 

1 + 1 ? 



Since the answer 2 is not an element of the given set, the set Is not 
closed under addition. 



Now return to page 7_6 and try this question again. 

2 
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Your answer is correct* The REFLEXIVE PRINCIPLE states that a quantity 
is equal to itself. 

Please go on to question 2 which follows. 
Question 2 

Apply your knowledge and select the letter next to the relation that is 
REFLEXIVE. 



(A) 



is 



larger than 



(B) 



is 



smaller than 



(C) 



IS 



unequal to 



(D) 



is 



equal to 
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Remember, one exception makes the statement false. 



What is the product of 5 and 7 ? 



Is 35 an element of set S 



Please return to page 80^ and try question 9 again. 

2 
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The SYMMETRIC PROPERTY merely states that the quantities on the tv;o sides 
of the equal sign can change sides. 
That is , if a = b 

then b = a 

This choice v:as the actual proto-type of the property. 



Please proceed to the next question below. 

59 
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Question 4 

Apply your knowledge and select the letter next to the relation that is 
symmetric . 

(A) Is greater than 

(B) Is less than 

(C) Is equal in area to 

(D) Is a factor of 
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It is true that 

if 87 - 29 = 71 - 13 

and 29 = 29 (by adding 29 to both 

sides of the equalitv) 

then 87 =71 + 16 

But this is an illustration of the ADDITION AXIOM. 
The TRANSITIVE PROPERTY is symbolized as follows: 

if a = b 
and b = c 
then a = c 



Please return to page _64_ and try question 5 again. 

2 
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You saw the pattern for the TRANSITIVE PROPERTY, but you overlooked one 
small detail. The middle term must be exactly the same. 
You have no way of knowing whether 

x + a 

is the same as x + 2 

It might be, but then again, it might not. When this situation exists, 
we have to consider x + a = 

x + 2 

as not being true. 



Please return to page 7J5 and reconsider question 7. 

2 
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It is time consuming to be thorough. 



In problems of this sort,. it is not enough to try a few cases in order 
to see if they are correct. Every possible case must be considered. If 
only one exception is found, then it throws out the statement. Did you try 

5 - 3 ? 

Since 2 is not an element of the set, we cannot say that it is closed 
under subtraction. 



Please return to page 70_ and try the question again. 

2 
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The set that you chose 



{ 0 , 1 , 2 , 3} 



was to be tested for closure under addition. In situations like this, it 
is wise to check all the possibilities sys tematically . 

0 + 0 = 0 1 + 1 = 2 

0 + 1 = 1 1 + 2 = 3 

0 + 2 = 2 1 + 3 = 4^! which is not an 

0 + 3 = 3 element of the set, 

Of course with a little thinking, you could try one certain combination 

and find an exception immediately. 

(3+3=6 , right ? ) 



Please return to page 76_ and try question r 10 again. 
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Relations such as "likes" or "admires" are not necessarily transitive. 

Consider, for example, the following situation: 

If you like your teacher, and your teacher likes the dean, 
then it does not automatically follow that you like the dean* 

Therefore, this is not always a TRANSITIVE RELATIONSHIP. 



Please return to page 69_ and try this question again. 

2 
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Sorry;, we disagree „ 

It is true that when a larger number of the set is divided by a smaller, 
the result is a member of the sat, but a smaller could be divided by 
a larger , 

For/ example, what is the result of dividing 4 by 8 ? Is it an 
element of the set? 



ERIC 



Each of the elements of the set are integers. Will the answers to each 
division operation be an integer? The second group mentioned will produce 
fractions. 



Return to page _72_ and try question 11 again. 

2 III 



The REFLEXIVE PROPERTY refers a quantity to itself. 

Since it is not possible for a quantity to be unequal to itself, the 
relation M is unequal to ,f cannot be REFLEXIVE. 



Please return to page 58^ and try this question again. 

1 
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Remember, only one exception makes a mathematical statement false. 
Let's find one. 

What is the product of 6 and 5 ? 

Is 30 an element of the set of natural numbers between 1 and 7 ? 



Please return to page c50 and try question 9 again. 

2 
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Very good. You made the correct choice. 

The relation "is equal in area to" is symmetric. Suppose, for example, 
that we were dealing with two rectangles. If the first rectangle is equal 
to the second, then the second rectangle would be equal to the first. 
This would then meet the requirement in order for the relation to be called 
SYMMETRIC . 

If a (£> b is true 

and b (r) a is also true where the relation 

® 

has not been changed, then the relation (r) is said to have the SYMMETRIC 
PROPERTY , 

Please proceed to question 5 below. 

64 
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Question 5 

Recognize which of the following choices demonstrates the TRANSITIVE 
PROPERTY OF EQUALITY. 



(A) 


If 


3 + 


7 




10 , and 


10 = 8 + 2 , 


then 


3 + 7 


= 8+2 


(B) 


If 


17 + 


9 




39 - 13 




then 


26 


= 26 


(C) 


If 


9 + 


5 




14 , 




then 


9 


= 14-5 


(D) 


If 


87 




29 


= 71 - 


13 , 


then 


87 


= 31+16 
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Here is a case where you can say something that is true and still be wrong. 
If x = y - 3 

then we know that y - 3 = x 

by the SYMMETRIC PROPERTY of equality. 
In the case you considered, 

if x = y - 3 

and y - 3 = a 

the conclusion should be 

x = a 

if we are to apply the TRANSITIVE PROPERTY. 



Please return to page 78^ and try question 7 again. 

2 
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It looks like you forgot that an element of a set can be repeated in the 
operation. For example: 

2x2 = 4 

and 1_ I = I 

2 X 2 4 

Neither ~ nor 4 are members of the original set and, therefore, the set 



is not closed under multiplication. 



Plear^ return to page j3l and try question 12 again, 

2 
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Sorry, we disagree. 

There are many exceptions. Consider 3 and 2 . 

The result of dividing 3 by 2 is not an integer, and is not an element 
of the set: 

The order could be reversed 

2 f 3 
and it still is an exception. 



Please return to page 76 and try question 10 again. 

2 
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Sorry, we disagree. You analyzed the first set correctly, but you missed 
something in the second set. 

When 2 and 6 are added, the sum is 8 . Is 8 an element of the 
set shown in II ? 



Please return to page 86_ and try question 13 again. 

2 
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This set is composed of the first 5 odd numbers. 

When two odd numbers are added, the result is an even number. No 
even number is an element of the set- A set is closed under an operation 
if the result of performing that operation on every pair of elements is 
also an element of that set. 



Please return to page 72_ and try question 11 again. 

2 



It's easy to be careless. Did you forget that "open" means that the 
result of performing the operation is NOT an element of the set? 
For example, the set , ) 
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is open under addition because 



3 + 5 is 8 



and 8 does not belong to the set. 



Please return to page 82^ and try question 19 again. 



Ill 
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Very good. You made the correct choice. The relation "is equal to" is 
reflexive. 

The REFLEXIVE PROPERTY states that 

a = a 

or in other words, a quantity equals itself. 



Please go on to" question 3 below. 
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Question 3 ^ 

Recognize which of the following choices demonstrates the SYMMETRIC PROPERTY 
OF EQUALITY. 



(A) 



If 6 + 9 = x , then 15 = x 



(B) 



6 + 9 = 9 + 6 



(O 



(A+B)+C=A+(B + C) 



(D) 



If a - b 



then b = 



a 



III 
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Very good. Your choice parallels the form that illustrates the 
TRANSITIVE PROPERTY OF EQUALITY. 

if 3 + 7 - 10 if a = b 

and 1Q= 8 + 2 and b = c 

then 3 + 7 = 8 + 2 then a = c 



Now proceed to question 6 below. 

2 

Question 6 

The logical relations are not restricted to algebra; they apply to other 
types of relationships, too. 

Apply your knowledge and select the letter next to the relation that is 
transitive. 

(A) Is the father of 

(B) Likes 

(C) Is included in 

(D) Is a friend of 

III 
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Your choice is correct. 



In words we can say that the TRANSITIVE PROPERTY states: 



if the first quantity equals a second, and the second quantity 



equals a third; then the first quantity equals the third." 



Please proceed to question 8 below. 
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Question 8 

Apply your knowledge of the closure property of sets to the s<?ts below 
and select the true statement. 




3 



5 



7 




under subtraction of the 



form a - b where a > b 



(B) T - \ 1 t 3 , 4 , 5 , 6) i 



is closed under subtraction of the 



form a - b where a > b . 



(C) U = {l , 2 , 3 , 5 , 




form a - b where a > b . 




4 , 6 , 8 , lo} i 



is closed under subtraction of the 



form a - b where a > b . 



Ill 
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We can test your choice by not taking two small even numbers that fit; 
like 2 times 6 equals 12 , but by testing two large numbers near the 
extreme end of the set; like 98 and 96 • 

What is the product of 98 and 96 ? 

Since 9408 is not an even number less than - 10Q : . 5 we have found an 
exception. 



Please return to page 80 and try question 9 again, 

2 

71 
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You struck out on this one. Let us review the important points about this 
lesson. 

In order for a set to be closed under some operation, every possible pair of 
elements (including an element used twice) must be tested to see whether 
the answer resulting from that operation is itself a member of the set. If 
it is, then the set is closed. 

If there is an exception, even just one, then the set is said to be open. 

Please return to page 86^ and reconsider this entire problem. 

2 
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Congratulations! Your answer is correct. 

The possible products of 0 and 1 are 

0x0 = 0 
0x1 = 0 
1x1 = 1 

Since these answers are elements of the set, the set is closed under 
multiplication. 



Please go on to question 11 below. 



21 
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Question 11 

Apply your knowledge of the closure properties of sets to the sets below 
and select the true statement. 

(A) The set | 1 , 2 , 4 , 8 , 16^ is closed under division. 

(B) The set j 1 , 3 , 5 , 7 , 9 \ is closed under addition. 

(C) The set { 0 , 1 , 2 , 3 , is closed under addition. 

(D) The set j 1 , 2 , 4 , 8 , 16 ^ is closed under multiplication, 

III 
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When the set contains the three dots . . . 

It doesn't mean that the set is M open " under an operation. 

It means the set has no end, but the succeeding elements are known to 

follow a certain pattern or rule. 

For example, the multiples of 2 could be written as 

2 , 4 , 6 , 8 , 10 , 12 , 14 ( going on forever ) 

or as a set: 



Did we confuse you? The question asked for the set that was OPEN under 
the operation of subtraction. 

A set is open under the operation of subtraction if the result of sub- 
tracting two elements is NOT an element of the set. Remember a smaller 

number is to be subtracted from a larger. Here the same element can't 
be repeated. 



Please return to page 84 and try question 16 again. 




Now with this in mind, reconsider problem 14 on page 125 

2 



21 
2 



2 
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If Arnold is a friend of Barbara, and Barbara is a friend of Charlie; 
it doesn't necessarily mean that Arnold is a friend of Charlie, 
They may not even know each other. 

Therefore, "is a friend of" is not a true TRANSITIVE relation. 



Please return to page 69_ and try this question again, 

2 
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You are half right. The first set is not closed under multiplication; 
that's correct, but the second set is not closed under division either, 
For one thing, 

i - 2 = 



1 v i 

2 * 2 ~ 



1 

4 

Since ^ is not an element of the set, the set is not closed. 



Please return to page 81 and choose the correct answer. 

2 
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In mathematics there is a very important principle that you must keep 
in mind. If a statement is to be called true, then there can be no 
exception; not even one . 

In the set you chose, there are many answers to the subtraction of the 
elements ' ^at are themselves members of the set. But in order for the 
set to be closed under subtraction, there can be no exception. 
Did you try 

6 - 2 ? 

Please return to page 70 and try question 8 again. 

2 

2 

Did we confuse you? The question asked for the set that was OPEN under 
the operation of addition. 

A set is OPEN under addition if the sum of two elements is NOT a member 
of the set. 

In the unlimited set you chose*, the addition of any two elements will be 
one of the other elements of that set. 

Please return to page 79 and try question 15 again. 

2 

III 



76 
1 

If you can establish a rule for determining the results, you will be 
spared endless trials. 

The product of two odd numbers is itself an odd number. Thus, every 
product of two odd numbers greater than three will also be an odd 
number greater than three. Your answer is correct. 



Please go on to question 10 below. 
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Question 10 

Apply your knowledge of the closure properties of sets to the sets below 
and select the true statement. 



(A) The set 

(B) The set 

(C) The set 




is closed under multiplication. 



is closed under addition. 



is closed under addition. 



(D) The set 1,2,3,4 is closed under division. 



Ill 



21 
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Although each succeeding element is found by multiplying the previous 
element by 2 , if you test the multiplication of any two of the larger 
elements you will agree that the product is far beyond the limits ot the 
given set. 



Please return to page 72 and try question 11 again. 

2 
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You analyzed the second set correctly, but you missed something about the 
first set. 

When any two even numbers are multiplied, their product is an even number. 
It is interesting to note that it is not necessary for all even numbers 
to be the product or other even numbers; just that the product of two 
even numbers is an even number and, therefore, the product is a number of 
the set. Thus, s*et I is closed under multiplication. 



Please return to page 86_ and try question 13 again. 

2 
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Very good. You made the correct choice. The relation 

11 is included in 11 
is always transitive. Consider the figure below: 

If a is included in b ? then the circle a must be inside the 
circle b , Furthermore, if b is included in c ; then circle b 
must be inside circle c . Thus, circle a is, of necessity, inside 
circle c * 

a 



Please go on to question 7 below. 
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Question 7 

Apply the princip of equality and choose which form is an example of 
the TRANSITIVE PROPERTY. 

(A) x = y + 2 (B) if x = (a + b) 

w = y + 2 and (a + b) = y 

y + 2 = y + 2 then x = : y 



(C) if 
and 
then 



x = y + 2 
y + a = z 
x = z 



(D) if 
and 
then 



y - 



x = y - 3 
3 = a 



y - 3 - x 



III 
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. Your answer is correct in the set 

{0,1,2) 

l^Jhen 2 is multiplied by itself, the result is 4 , and 4 does not 
belong to the set 

{o,l,2j 



Please go on to question 15 below. 
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Question 15 

Apply your knowledge of sets that are M open " or M closed 11 with respect 
to an operation and select the set below that is n open 11 under the 
operation of addition . 




Ill 
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Congratulations! Before you can state that a set 4 sed under an 

operation, you must either try every combination possible, or arrive 
at some observation that relates to all of the possible combinations. 

In this case, since the set was a small one composed of even numbers; 
you can verify that when two different even numbers are subtracted 
the result is an even number smaller than the larger number. 

Since this set contains all of the even numbers from .10 on down, 
every possible answer to the subtractions is contained \ the set and 
is, therefore, truly closed. 

Please proceed to question 9 below. 

80 
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Question 9 

Apply your knowledge of the closure property of sets to the sets below and 
select the true statement. 

(A) The set [l, 3, 5,7, 9) is closed under multiplication. 

(B) The set j odd numbers greater than 3} is closed under multiplicatioi 

(C) The set of natural numbers between 1 and 7 is closed under 
multiplication. 

(D) The set of even numbers less than 100 is closed under 
multiplication. 

Ill 
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The three dots 



in the set indicate that the sequence of numbers 



continues according to the same rule of formation. This set represents 
all of the positive integers. 

Congratulations! Your answer is correct. The result of adding two 
•integers is another integer. 



Please go on I'u question 12 below. 



Question 12 

Apply your knowledge of the closure property of sets to the statements below 
and select the letter with the proper truth value. 
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I. 



the set 




1 




under multiplication. 



II. 



the set 




1 



l\ is closed under division. 



(A) I. True 
II. True 



(C) I. False 
II. False 



(B) I. True 
II. False 



(D) I. False 
II. True 



III 
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When two even numbers are multiplied, their product is another even 
number. Thus, the set described in I is closed under multiplication. 
When the two elements 4 and 6 are added, their sum is 10 - 
10 is not an element of the set described in II , and thus; II is 
not closed under addition. 

Thus, statement I is true, and II is false. Your answer is correct, 



Please go on to question 14 below. 
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Question 14 

Apply your knowledge of sets and the concept of closure to select the set 
below that is "open" under the operation of multiplication. 

(A) 

(B) 

(C) 

(D) 




III 



If you vzere directed to substitute 

a for x , 

-b for y , 

and 3 for w 

then your substitution should have had only a T s , b's , 3 f s , and 
other numbers in it* 



Please return to page 89^ and try tlie problem again. 

2 



83 
2 

This choice suggests that it is correct to change the order of the numbers. 
The COMMUTATIVE PROPERTY states that this can be done in addition and 
multiplication; does it apply here? 

This choice is not correcu* 



Please return to page 90_ and try question 1 again. 

2 
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Congratulations : 

A set is open under an operation if the result of performing an operation 
on two elements of the set is NOT an element of the set. Thus, since the 
sum of 4 arm 6 is 10 , and 10 is not an element of the set, the set 

{2,4,6,8 

is open under addition. 



Proceed to question 16 below. 
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Question 16 

Apply your knowledge of sets and the concept of closure to select the ~et 
below that is " open " under the operation of subtraction of the form 

a - b where a > b 
(A) j 0 , 1 , 2 , 3 , . . . ]• 
^ (B) | 0 , 2 , 4 , 6 , . . . } 

(C) | 1 , 3 , 5 , 7 , . . . | 

(D) {2,4,6 } 

III 



The COMMUTATIVE PROPERTY FOR ADDITION states that the sum of two 
numbers does not change if you change the order of addition. 
Or 



a + b = b 



1 



Then chis choice is not the incorrect one you were to locate. 



Please return to page 96_ and try question 2 again. 

1 
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The ASSOCIATIVE PROPERTY states that you may group the numbers in any 
way in an addition example. 



a 


+ b 


+ c = 


( 


a + 


b ) + c = 


a 


+ ( 


b + c ) 



If you regroup the quantities properly, you will see that this choice 
is not correct. 



Please return to page 110 and try question 4 again . 

2 
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The product cs -7 and ~ is -7- 

Since ~ is not an element of set I , set I is not closed under 
-} 

mul t ip 1 ic at i on . 

When ~ is divided by 2 

the quotient is 1_ 

4 

Since -7 is not an element of set II * set II is not closed under 

4 

division. Thus the statements that I and II are closed are false. 
Your answer is correct. 



Please go on to question 13 below. 
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Question 13 

Apply your knowledge of the closure property of sef.f- to the statements 
below and select the letter with the proper truth value. 

I. tho-, set I 0 , 2 , 4 , 6 , . . is closed under 

multiplication. 
II. the set I 0 , 2 , 4 , 6^ is closed under additi 

(A) I. True 1 (C) I. True 
II. True II. False 

(B) I. False (D) I. False 
II. True II. False 



on. 



Ill 



You chose 

3a + 3 - 5b = 
3 - 3b 

but didn't you lose a pair of parentheses in the process? Wasn't there 
a negative sign with b ? 



Please return to page 89_ and try the problem again, 

2 



87 
2 

Since the ASSOCIATIVE PROPERTY does not hold for the process of subtraction, 
it is necessary to perform the calculations inside the parentheses first. 
Thus, we get for x 

( 5 - 4 ) - 1 = 

1-1 = 0 

Apply this prjLV.-:*ple to the other statements and you will see why this 
choice is not correct. 



Please return to page 109 and try question 6 again. 

2 

III 



88 
1 



It is certainly zrue that 

1 • 7 - 7*1 

However, this is noi the only value that >: might have which would make 

the statement true. Therefore, this choice is not correct. 



Please return to page 1Q5 and try question 3 again. 

2 
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The given problem 

16 7 4 7 2 

cannot be rearranged by taking the numbers in any order. Two rules 
are broken at once: 

Division is not COMMUTATIVE; and 

Division is not ASSOCIATIVE. 
Without even referring to these rules, you will see that a scrambled 
order of operations will produce different answers for the same problem. 
Why don't you try this in this problem and see for yourself? 

Please return to page 102 and reconsider the problem. 

2 

III 



8^ 
1 

Very good. 



The result of subtracting two odd numbers is always an even number. Thus, 
the set of odd numbers ( even though unlimited ) is open under subtraction. 



Please go on to question 17 below. 
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Question 17 

If you are told to apply the substitution principle and to 
let x = a 

y = -b 

w = 3 
in the following expression: 

3(x + 3)-5y = w-3y 

Choose the correct result. 

(A) w ( a + w ) - 5 ( -b ) = 3 - w ( -b ) 

(B) 3 ( a + 3 ) - 5 ( -b ) = 3 - 3 ( -b ) 

(C) 3a + 3 - 5b = 3 - 3b 

(D) 3(a + 3)-5-b - 3 - 3 - b 

III 
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Volume 3_ Segment 2 begins here: 
Obtain a Punch Card from your instructor. In addition to 
the other identifying information that must be furnished 
by you, you are asked to punch out the following: 
COLUMNS 48 and 50 13 ( Sequence Number) 

54 and 56 04 ( Type of Punch Card ) 
60 and 62 0 3^ ( Volume Number ) 
66 and 68 0 3 ( Segme- Suuber ) 
Your reading assignment for this Segment ^ page 73 - 77 . 

SUPPLEMENTARY NOTES: 

There are three properties of arithmetic whose names you must learn in 
addition to learning the properties themselves. 

(1) For addition and for Multiplication: 

COMMUTATIVE PROPERTY: the order of the numbers may be 

changed . 

(2) For Addition and Multiplication: 

ASSOCIATIVE PROPERTY: the groups of numbers may be changed. 
Before proceeding to the third property, let us consider this: 
The basic operations of arithmetic fit into two different levels—addition 
and subtraction, on one level, are the simplest; multiplication and division, 
on a higher level, are more complex operations. 
Now let us examine the next property. 

(3) For a combination of two operations on different levels: 
DISTRIBUTIVE PROPERTY: multiplication (or division) is 

distributive over addition ( or sub- 
traction) 

Please turn to page £1 . 

1 
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It is simple to remember the distributive law by learning that you should 
"distribute the multiplier. 11 
That is, in the problem 

a ( x + y ) 

we distribute or use the multiplier ji with each term inside the 
parentheses, getting 

ax + ay 

The statement of these properties and the illustrations you have found in 
your text should be listed in your notebook. 



You will now be asked a series of questions to draw your attention to 
the more important points. 



Question 1 

Which of the statements do you recognize is always true? 

(A) a - 5 = 5 - a 

(B) a + 2 = 2 + a 

(C) a t 5 = 5 t a 

(D) 872 = 2-78 



91 
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The COMMUTATIVE PROPERTY FOR MULTIPLICATION states that the product of 
two numbers does riot change if you change the order of multiplication, 
or 

. . 

a • b = b * a I 

.. i 

Then this choice is not the incorrect one you were to locate,. 



Return to page 96_ and try question 2 again, 
2 
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In calculating the value of z , we perform the operations as we meet 
them, getting 

z = 5- 4- l = l- l = 0 
For the other two expressions, we recognize that the ASSOCIATIVE PROPERTY 
does not hold in subtraction, and we perform first the operations inside 
the parentheses . 

9 

When we do this, we find that this choice is not correct • 



Return to page 109 and try qyestion 6 again. 

• 2 
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When you are to substitute a negative value, such as 

" -b " for y 

you must be careful that you haven't accidentally changed the negative 
sign into a subtraction sign. They do look alike; but they have 
different meanings. 

In this problem; for example, in the part of the expression where you 
had to substitute -b for y in the expression 

-3y 

you wrote -3 - b 

(which means that -3 and -b are to be added algebraically, or that 
you are to subtract b from -3 ) 

But doesn't -3y really mean that -3 is to multiply y or the 
value for y ? To avoid this mistake a pair of parentheses are used 
in this manner. 

-3y becomes -3 ( -b ) 

Please return to page 89_ and reconsider problem 17. 

2 
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The COMMUTATIVE PROPERTY FOR MULTIPLICATION states that the product of two 
numbers does not depend on the order of the numbers. Since there is no 
change in the order of multiplication in this example, this choice is 
not correct. 

Please return to page 107 and try question 8 again. 

2 
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This statement is certainly true for any whole value of x , but 
isn T t it true for fractions? 
For example: 

1 - 7 = 7 • ± 

2 .2 

Since you limited the possible answers unnecessarily, your choice is 
not correct. 



Please return to page 105 and try question 3 again. 

2 
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Since the first operation involved changing the order of two numbers, 
it cannot involve the ASSOCIATIVE PROPERTY. The ASSOCIATIVE PROPERTY 
involves grouping of numbers in a calculation. 

Then this choice is not correct . 



Please return to page 115 and try question 9 again. 

2 
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The ASSOCIATIVE law does not apply to division; that is, 

( a r b ) f c does NOT equal a f ( t> 7 c ) 
A good reason is that the same problem would have different answers; 
for example, 




8 

In a problem such as 

a 7 b f c 

the proper procedure is to perform the operations one at a time from 
left to right. 

Please return to page 102 and reconsider the problem. 

2 
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You had to apply the DISTRIBUTIVE PROPERTY 



a(b + c) = ab + ac 



where 



ana 



a - P 
b = 2 



Since p means p.» p rather than p • 2 , t:his choice is not correct. 



Please return to page 108 and try question 10 again. 

2 
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The COMMUTATIVE PROPERTY FOR ADDITION states that the order of the two 
numbers in an addition may be changed without changing the result. Or 

a + b = b + a 
Therefore, this choice is correct. 



Please proceed to question 2 below. 



ERIC 
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Question .2 



Which of the statements do you recognize is NEVER true? 

(A) 5 + p = p + 5 

(B) 5 • p = p - 5 

(C) 6 - 2 = 2 - 6 

(D) 6 - 2 = 2 + 1 



III 



Very go'd You realize "hat when substituting given values, you 
must retain the parentheses in the original expression and use others 
where a misunderstanding in operations might result. 

You have now finished Segment 2 . Hand in the PUNCH CARD. You 
should have entered in your NOTEBOOK the following definitions and 
formulas r 

Properties of Equality. 

REFLEXIVE x = x 

SYMMETRIC if a = b 

then b = a 

TRANSITIVE if a = b 

and b = c 

then a c 

Open set under an operation, 
Closed set under an operation. 



You should be able to complete the HOMEWORK ASSIGNMENT: 
through problem Y . 



Ill 
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Well it is true that 

x = 0 

then x * 7 = 7 * x 

would become 0 * 7 = 7 * 0 
which is a true statement. 

However, can't you think of other possible values for x ? 



Please return to page 105 and try question 3 again. 

2 



98 
2 

The ASSOCIATIVE PROPERTY does not apply in subtraction. Hence, in 
calculating x and y , it is necessary to perform first those operations 
inside the parentheses. Since there are no parentheses in the expression 
for z , we perform the operations in the order in which we meet them. 
If you do a careful job of calculation, you will find that they are not all 
equal values, and that this choice is not correct. 



Please return to page 109 and try question 6 again. 

2 
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This question deals with the application of the ASSOCIATIVE PROPERTY of 
addition. 



a + b + c = (a + b) + c = a+(b + c) 
Using it, we get: 

P - x + ( 7 + 2 ) 
or P = x + 9 

Also Q = x + 9 

And R=x+(7 + 2) = 

x + 9 

Then P , Q , and R are all equal quantities. 



Please proceed to question 5 below. 
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Question 5 

Perforin the calculations and select the correct statement: 

P = x • (2-p) Q = (x-2)-p R = x • (p 2 ) 



(A) only P and Q are equal 

(B) only P and R are equal 

(C) only Q and R are equal 

(D) all three are equal 
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Since the result of division on the left side is 3 , and the result of 
the addition on the right side is also 3 , this choice is not the 
incorrect one you were to locate. 



Return to page 96_ and try question 2 again. 
2 
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The ASSOCIATIVE PROPERTY refers to grouping of the quantities. 

Since there is no grouping involved in this problem, this choice is not 
correct. 



ERIC 



Return to page 107 and try question 8 again. 

2 
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RIBUTIVE PROPERTY involves tvi» operations of different levels 
<a\ as multiplication and additio. 
For example: 



a(b + c) = ab-t-ac 

Since this calculation did not have more than a single type of operation, 
it cannot involve the DISTRIBUTIVE PROPERTY. 

Then this choice is not correct. 



Please return to page 115 and try question 9 again. 

2 
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Since this problem involves both multiplication and addition, it is 
necessary to use the DISTRIBUTIVE PROPERTY. That is, 



a(b + c) = ab + ac 



Note : 

a ( b + c ) does not equal abc 



This choice is not correct. 



Please return to page 108 and try question 10 again. 
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Since the ASSOCIATIVE PROPERTY does not hold for subtraction, it is 
nece. iry to perform first that calculation inside the parentheses. 
Thus > 

x = ( 5 - 4 ) - 1 
1-1 =0 
Also y = 5-(4-l) = 

5-3 = 2 

Since the expression for z contains no parentheses, we must perform 
the calculations as we meet them, getting 

2 = 5- 4-1 = 

1-1 = 0 

It, therefore, follows that y is the largest value; and this choice 
is correct. 

Please proceed to question 7 below. 

102 
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Question 7 

Apply the proper principle and choose which operation in the given problem 
should be performed first. 

16 7 4 4 2 

(A) 4 7 2 

(B) 16 7 4 

(C) 16 f 2 

(D) It makes no difference. 



Ill 
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Since this problem involves both subtraction and division, the 
DISTRIBUTIVE PROPERTY shculd be applied. However, you did not distribute 
the divisor. 

a - b 
c 

can be considered as 

i ( a - b ) 

which equals ^ ^ 

— a - — b 
c c 

Please return to page 119 and try question 11 again, 

2 
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According to this problem we are looking for a number which when 
multiplied by any quantity, does not change that quantity. We call this 
the identity element for multiplication. 

However, zero is not that identity element. 

What does 0 • x 

equal? You have mixed two ideas together; this choice is not correct". 



Please return to page 129 and try question 13 again. 

2 
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Since _ 

P - p • P 

it is not always equal to 

2 • p 

The only excep tions are : 

when p = 0 , or p = 2 
2 

because 0 = 2 * 0 
2 

2 « 2 - 2 
Then this choice is not correct. 



Please r urn to page 99_ and try question 5 again, 

2 
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The DISTRIBUTIVE PROPERTY involves two different levels of operations in 
one problem. Since this problem has only one operation, multiplication; 
this choice is not correct. The form must be 

a ( b + c ) 
to apply the DISTRIBUTIVE PROPERTY. 



Please return to page 124 and try question 12 again. 

2 
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Since the COMMUTATIVE PROPERTY does not apply to subtraction, the 
statement is not true. 

That is 

a - b ^ b - a 
Then this choice is the correct choice. 



Proceed to question 3 below. 
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Question 3 

If x * 7 = 7 • x , which do you recognize as the true statements 

(A) x must be 1 

(B) x must be an integer 

(C) x must be any number 

(D) x must be zero 
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It is true that 

1 + x 

X + 1 

but how can you be sure that 1 is the value of m ? 
Couldn't it have another value? 

This choice is not correct. 



Return to page 125 and try question 14 again. 
2 
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Applying the DISTRIBUTIVE PROPERTY, 

p ( x + m ) = 
px + pm 

Then, if 

m - 1 

we have 

px + p 

which does not equal px . 

Then this choice is not correct. 

Return to page 130 and try question 15 again, 
2 
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The ASSOCIATIVE PROPERTY does not apply to division. Therefore, it is 
necessary to perform the calculations as written from left to right. 
That is, 

xfa . 4 7 2 
becomes ( 16 f 4 ) f 2 

4 7 2 
2 

Then this choice is correct. 



Please proceed to question 8 below. 



Question 8 

Choose the property illustrated in the statement: 

p + 5x = 5x + p 

(A) COMMUTATIVE PROPERTY for multiplication 

(B) COMMUTATIVE PROPERTY for addition 

(C) ASSOCIATIVE PROPERTY for multiplication 

(D) ASSOCIATIVE PROPERTY for addition 

III 
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Since. the first step in the calculation is ch.nnr.in-* t 1 orHo.r of two 
numbers in .,»,.>•■ cation; e. g. , 

a • b = b • a 

This illustrates the COMMUTATIVE PROPERTY FOR MULTIPLICATION. The second 
step grouped the numbers differently; e. g. , 

( a • b ) c = a ( b • c ) 
And, (Therefore, involves the ASSOCIATIVE PROPERTY FOR MULTIPLICATION . 

Then this choice is correct. 



Please proceed to question 10 below. 
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Question 10 

Perform the calculation and select the result: 

p ( 2 + w ) 

2 

(A) p 4- p W 

(B) 2p + wp 

(C) 2wp 

(D) p2w 



In this question, we apply the ASSOCIATIVE PROPERTY and then the 
COMMUTATIVE PROPERTY. Thus, we have: 

P = x * ( 2 • p ) Q = ( x - 2 ) - p 

= ( x • 2 ) • p « ( 2 - x ) - p 

= ( 2 • x ) • p = 2xp 
= 2xp 

2 

However, R = x • ( p ) = 

x - p * p = 

2 

xp 

Then R is not the same value as the other two quantities, and this 
choice is correct. 



Please pxoceed to question 6 below. 
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Question 6 

Perform the calculations and select the largest value: 

x = ( 5 - 4 ) - 1 y = 5 - ( 4 - 1 ) z = 5 - 4 - 1 

(A) x 

(B) y 

(C) z 

(D) all three are equal 
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The COMMUTATIVE PROPERTY states that the product of any two numbers is the 
same regardless of the order of multiplication, 
that is 



b = b 



Therefore , in this example , 

a is replaced by x 
and b is replaced by 7 
and the rule becomes 
x • 7 = 7 * x 
Therefore, this choice is correct. 



Please proceed to question 4 below. 
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Question 4 
If 

P = ( x + 7 ) + 2 and Q 
choose the correct statement. 



= x + ( 7 + 2 ) and R = x + 7 + 2 



(A) P is the largest quantity 

(B) P and Q are not equal 

(C) P and Q are equal, but R has a different value 

(D) P , Q , and R are equivalent 



III 
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Since this problem involves both multiplication and addition, it is 
necessary to use the DISTRIBUTIVE PROPERTY. 

That is, 

a(b + c) = ab + ac 

NOTE: 

a ( b + c ) ^ abc 
Moreover, it is not correct form in algebra to write p2w . When the 
product of two letters and one number is being written, the number is put 
first. Thus, it would be written 

2pw or 2wp 

However, this choice is not correct no matter how it is writtan. 



Please return to page 108 and try question 10 again. 

2 



111 

2 

This calculation involves two different operations: multiplication and 
division. Since they are not different levels of operation (see the 
Supplementary Notes), the DISTRIBUTIVE PROPERTY does not apply unless che 
form is equivalent to: 

a ( b + c ) 



Please return to page 124 and try question 12 again. 

2 
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How did you get a single term in the result of dividing two different 
terms by the same quantity? Since the terms could not be combined before 
doing the division, it is impossible to combine the results after division. 

Therefore, this choice is not correct. 



Return to page 119 and try question 11 again, 
2 
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Applying the DISTRIBUTIVE PROPERTY, 

p ( x + m ) = 
px + pm 

Then we are looking for a value of m such that 

px + pm = 
px 

How many different values did you try for m ? 
This choice is not correct. 



Return to page 130 and try question 15 again. 
2 
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We are looking for a number which when multiplied by any quantity, does 
not change that quantity. This is called the identity element for 
multiplication. 

Since there is such a number this choice is not correct. 



Return to page 129 and try question 13 again, 
2 
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You have done a fine job of combining terms and keeping separate terms 
which could not be combined, but you did slip up on one detail. Can 
you find it? 



ERLC 



Return to page 123 and try question 16 again. 
2 
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It is true 

0 + x = x + 0 



but how can you be sure that 0 is the value of ' m ? 



Couldn't it have another value? 



This choice is not correct, 



Please return to page 125 and try question 14 again. 

2 
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This problem involves a double division. 

The longer fraction line tells us that the fraction 

24y - 72 
12 

is to be divided by 2 . We apply the DISTRIBUTIVE PROPERTY to the 
fraction, and then apply it again to the final division by 2 . 

However, we do not get this choice. 



ERLC 



Please return to page 139 and try question 18 again. 

2 
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The COMMUTATIVE PROPERTY for addition states that the sum of two numbers 
does not depend on the order of the numbers. Since this problem concerns 
the addition of p and 5x with a change of order, this illustrates 
the COMMUTATIVE PROPERTY for addition. 



a + b = b + a 



NOTE: This property is not to be confused with 
the SYMMETRIC PROPERTY which states: (in one form) 
if a + b = c + d 
then c + d = a + b 
Then this choice is correct. 



Please proceed to question 9 below. 
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Question 9 

The following calculation uses two properties of arithmetic operations: 

( 4 • 378 ) * 25 
( 378 • 4 ) • 25 
.378 - (4 • 25 ) 

:ply year knowledge to select fhe properties in the order in which they 
were used. 

(A) associative , commutative 

(B) commutative, distributive 

(C) associative , distributive 

(D) commutative, associative 
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The first step in this problem is to apply the DISTRIBUTIVE PROPERTY 

3 ( x + 2 ) 

* 

Did you make a mistake at this point? 
You should have gotten 

3x + 6 

Then combine like terms. You have an error somewhere, since this choice 
is not correct. 

Please return to page 134 and try question 17 again. 

2 
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Since the REFLEXIVE PROPERTY states that a quantity is equal to itself, 
and the expression in II is not exactly the same as the expression 
in I ; this choice is not correct. 

The operation actually involved an application of the DISTRIBUTIVE PROPERTY 



Please return to page 121 and try question 20 again. 

2 
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This calculation involves two different operation 
division and addition. 

Since they are different levels of operation ( see Zi, 
Notes ) , the DISTRIBUTIVE PROPERTY should be applie. 
not appear to have distributed the divisor. 

- (3- ♦ ©<- 

. i + i. 

c c 

This choice is not correct. 

Please return to page 124 and try question 12 agn 

2 

Applying the DISTRIBUTIVE PROPERTY, 

p ( x 4- m ) = 
px 4- pm 

Then we are looking for a value of m such that 

px + pm = px 

What value would pm have if that v .re true' 

There is a value possible; this choice is not correct 

Please return to page 130 and try question 15 aga 

2 
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You h= <"> -etched s. decision vithout much arithmetic. 

Have y rled zr. find a value for which would make the statement 
true? 

Why even, 

7 + x 
x + 7 

for example. 

This choice is not correct. 

Return to page 125 and try question 14 again. 
2 
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You have done an excellent job of combining like terms, but is it not 
possible to combine unlike terms? 

This choice is not correct. 



Return zo paga 1—3 and try question 16 again. 
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The D:r;:.I2U7IVE PROPER!/ _ells you zc disz.rib.--e ;he multiplier p 
This g-v-s 

p » Z — r - x 

Then, ...:.irg 'he CCMMUTATIVL PROPERTY FC... 7JLZT T LICATION, we get 

2p + vrr. 

and chi.s choice is correct. 



Please proceed to que^ion 11 belov 
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QuesrrLon 11 

Perform rhe calculati - end then select the correct result: 

15 x - 9 



(A, 5x - 9 

(B) 15x - 3 

(C) 2x 
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Ve are lookin, ^ nubm-er which when nraltipli.^ by any quae city, coes 

not change zh*. ..^ncity . This is called the ic^nrlty element for 
multiplication 3re is such a number, but onl_r one. 

Therefore, ±i6 \ze is mot correct. 



Return to p..- ; _: \29_ and try question 13 again.. 
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No, your che„^ _s incorrect. 



The statement: 

if 5 + 1 = 7 and 7 = 11 - 4 then 5 + 2 = 11 - 4 



illustrates z u 
symbolic forr : 



METHV1E PROPERTY OF EQUALITY. This is shown in 




But you were inked tc pick ithe example that illiterates the ADDITION 
PROPERTY OF EQUALITY. 



Return to page 134 and try this question again. 
1 



In, ■= prob let: inv. . i ve- 
ts trnat the fosrtiior: 

-H r,o be divided :y 
fraction, we g-ar its 

Than dividing thar 
ve siet 



■>uble divisior. . The _. ~ .. er fracticr . ~ie tells 



24v - 72 



11 



, Applying th ISIR... . "*7E PROPERTY the 
_u£ to be 

2y - 6 

and again applying the DISTRIBUTIVE PROPERTY, 



y - 3 

Therefore, thtis ch.-_ j.-s i= correct. You mu^ ; realize that the division 
cannot be performer, i^n any order that you pleas- the length z.± the 
fraction lines tells ycu trie order. If the lerrgt-hs had been reversed, 
it would have been a dr^ff errant problem. 
Please proceed, t: question 19 belc:r. 



Question 19 



In simplifying "Tie expression 



5 (,. 



-+ 3 ) + 



x ) 



the successive teps are..: 
I. 5 ( x + 3 ) - 3 > x ) 
IX- ( 5s + 12 % - -a 
dl. ' 5x + ' 13 + 3x ) 



T. 
V 



( 5x -r 3x 



+ 15 ) 
+ _5 



+ -5 



-Apply your knowledge t vJLlect the Garrett _ \oice belay-. . 

(A) from step I tc step II 3 : - RI .'LE2CIVI PR'. ■ iRTY was applied. 

(B) from step T " r. o sterr III , v "TJ.:~7i; '^RC^W"? xc-^ appU^. 
CC) from step II ir st ■? r. ; th- ISTR121HIVE PROPERTY vcas apyliec 
(D) ' from step IV tt step V , the ^SOCIAZIVE 2R0?''-TY was apth'J-i^. 



ERLC 
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Ycur -hoi -e is an example of the CG/fclUTAIIV - P?.0F£Rr_' OF A uITloy , vhich 
states t:: . 

s + y = y -r 



Please return tc page 1&-2 and try this question again. 

2 
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We don'i: ~— , 

If you are giver an equation of the form 

x - a = b 

izi order t: find x we must remove -a from ::r.a:t side of the equation. 
Ife must the inverse operation add " ^ hot:, 1 ? s: 1 B/m; tfuis- 

is not :. - J ■: , ,-*r>n set m - ml .i ii,,al . jf is rhe answer. 



Please return to apge 145 and try this question again. 

2 
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It i~- certainly :rr u that 

x + 0 x 

and the- Lz £oL_.3ws r. nat 

P ( x . + 0 ) = 
px 

Then this choice is rrue . 

Yon .should see that the original problem involved the DISTRIBUTIVE 
PROPERTY . 

Tlr_s 

p ' x -f- m ) 
px -r pm 

Itor, since we vanned the result to be px , ¥e are looking for a value 
of n: "whic:h will :nake 

p. =0 

This indica. <f t 1 m must equal zero, since px exists 

p f 0 

Of course, "^.-is gr. .±s us the same result, but this suggests a procedure 
which would L^ad tc the answer, rather than trying to check the values 
offered to us 

Please proceed to question 16 below. 
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Q>uep ion 

Apply the EIErSIEl'TIVE PROPERTY to combine similar terms in the expression 
5m + 31 t 7p +■ Q - 2m 

(&) 6m + + q - 2e (C) % + 7p + q 

2 

(B) 4m + Spq (C) 5m + 7p + q - 2m 

III 



Sirica chis problem involves both subtraction and division, the 
DISTRIBUTIVE PROPERTY should be applied. 



a - b 1 . , . 15 X - 9 1 

— — - 7 ( £ - b ) 13X 3 = f ( 15x - 9 ) 



7 a - \ b - | ( 15x ) - ( \ ) 9 



b 

- = 5x - 3 



Ivher you distribute tine divisor, you do get the result 

5x - 3 

TLner this chci.:B correct. 

."lease proceex r. : question 12 below. 
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Question 12 

Apply your knowledge to select the correct application of the 

E'lSTSIBaiTIVS PROPERTY 

(A) 5(3*7) = 15 • 35 

vB.) 5(7-3) = 35-15 



(O SJLM =2.3 



(D) - 2 + 12 



According to this problem we are looking for a number which when 
multiplied by any quantity, does not change that quantity. We call this 
the identity element for multiplication, and its value is 1 

That is : 

a • 1 = a 



Please proceed to question 14 below. 



Question 14 

Apply your knowledge to determine the value cf m 
if m + x = x + m 

(A) 1 

(B) 0 



(C) no value is possible 



(D) any value is possible 
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You handled the DISTRIBUTIVE PROPERTY alright, but after combining 

5x and 3x the parentheses can be dropped; and the remaining similar 

x term also combined. 

This choice is not correct. 



Please return to page 134 and try question 17 again. 

2 

126 
2 

Your choice is an example of the SYMMETRIC PROPERTY OF EQUALITY which 
in symbolic form is expressed this way: 

if a = b 

then b = a 

However, you were asked to choose an example of the ADDITION PROPERTY OF 
EQUALITY which states: 

If the same number is added to equal numbers, the sums are equal. 



Please return to page 136 and try this question again. 

1 



III 



127 
1 

From step II to step III , there has been a change only in the 
grouping of the quantities being added. The property used was the 
ASSOCIATIVE PROPERTY. The COMMUTATIVE PROPERTY refers to a change of 
order of the numbers . 

Then this choice is not correct. 

Return to page 121 and try question 20 again. 
2 

127 
2 

Your choice is incorrect. 

It appears that you performed a division. Let us do a similar question 
together. Find the solution set of 

x - 13 = 18 
In this equation, we know the value of 

x - 13 

How do we find the value of x ? 

By the ADDITION PROPERTY OF EQUALITY, we obtain an equivalent equation 
by adding the same number to both sides of the given equality. We add 
the inverse of 

- 13 

that is , we add + 13 

Thus, we get 

x - 13 + 13 = 18 + 13 
and x =18 + 13 

x =31 

Return to page 145 and try this question again. 
2 
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Combining 

5m + m 
the DISTRIBUTIVE PROPERTY gives us 

( 5 + 1 ) m 

which is 

6m 

It is extrememly important for you to remember that in addition, terms 
can be combined only when their letter parts are identical , and that the 
letter parts never change in addition. 

This choice is not correct. 



Return to page 123 and try question 16 again. 
2 
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Sorry, your choice is incorrect. 

This is an example of a mistake in the application of f.he addition 
property . 

3b + 3 + 6b 

If 

a = 3b 
then a + 3_ = 

3b + 3_ 

Please note that if we have an equality, then we maintain equality by 
adding the same number to the equal numbers. 



Return to page 142 and try this question again. 
2 
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The DISTRIBUTIVE PROPERTY involves two different levels of operations in 
one problem. Since this problem contains both . .ultiplication and 
subtraction, which are on different levels of operation 

( see Supplementary Notes ) , the DISTRIBUTIVE PROPERTY should be applied. 



a ( b + c ) =ab+ac 



here: 5 
7 
-3 



= b 



= c 



5(7-3)=5-7 + 5(-3) 



= 35 



15 



Then this choice is correct. 

Please proceed to question 13 below. 



Question 13 

Apply your knowledge to determine the value of m 



129 



if 



m • x 



(A) 



(B) 



(C) 



no value is possible 



(D) 



any value is possible 
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This problem concerns an addition of two numbers where we want the same 
total regardless of the order of addition. But the COMMUTATIVE PROPERTY 
OF ADDITION says that this is so for any two numbers. 

That is : 

a + b = b + a 

Therefore, this choice is correct. 

Please proceed to question 15 below. 

130 
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Question 15 

Apply your knowledge to determine the value of m 

if p ( x + m ) px 

(A) 0 

i' 

(B) 1 

(C) any value is possible 

(D) no value is possible 
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Not so! 



Each of the other three choices is an example of a fundamental principle, 



One of the letters does have the correct answer next to it. 



Return to page 136 and try this question again, 
1 
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There are subtraction signs in the statements you chose, but your choice 

is an example of the TRANSITIVE PROPERTY OF EQUALITY . 

. .• 

Please note that the subtraction property requires the subtraction of the 

same number from two equal numbers. 

This can be expressed in symbolic form: 

if a - b 

then a c = b - c 



Return to page 149 and try this question again. 
2 
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From step III to step IV there has been a change in the order of 
addition of the quantities which is COMMUTATIVE PROPERTY . 

The DISTRIBUTIVE PROPERTY involves a combination of operations, which 
were not part of step III . 



This choice is not correct. 



Please return to page 121 and try question 20 again. 

2 
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and we are to solve for x we must isolate x by eliminating the - ~ 



We choose the additive inverse H 

2 

OF EQUALITY, we have 




1 
4 



Please continue. 



and apply the ADDITION PROPERTY 




Please return to page 138 and try this question again. 

2 
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Your choice is a true statement, but you actually used the substitution 
principle . 

That is, if p = 2q 

and q = 5 

whe; replace q by 5 and multiply, then 

p = 10 

However, this is not an example of the ADDITION PROPERTY OF EQUALITY, 
which you were asked to locate. 

Return to page 142 and try this question again, 
2 
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We io not agree. 

One of the letters does have the correct answer next to it. Please 
reconsider your choice. 

Apply the addition property to eliminate the -7 . 

Return to page 145 and try this question again, 
2 
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The DISTRIBUTIVE PROPERTY is symmetric and, therefore, can be written 
and ust_ Ln reverse order. That is: 

a ( b + c ) =ab + ac 
can alL^.a i* ritten as: 

ab + ac = a(b + c) 
or by -jsir..z - p COMMUTATIVE PROPERTY, 

ba + ca = (b + c)a 
Now this h.3s jsz interesting application in the combining ci like terms. 
In the £spress:i m 3x + 2x 

We can __~ r: a = x 

b = 3 

c = 2 in the above rule. 

Therefore, 

3x + 2x = 
( 3 + 2 ) x = 
5 x 

In the choice you made on this problem, 

5m + m - 2m can be treated in this way. 
(5 + 1 - 2)m 
4m 

Since 7p and q don't have a common factor, the SYMMETRIC DISTRIBUTIVE 
property cannot be used and these terms cannot be combined. Your choice 
was, therefore, correct. 

Please proceed to tne next question below. 
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Question 17 

Apply your knowledge to express as simply as possible: 

5x + 3 ( x 4- 2 ) - 2x 

(A) 6x + 2 (C) ( 8x + 2 ) - 2x 

(B) 3 ( x + 2 ) + 3x (D) 6x + 6 
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VOLUME SEGMENT _4_ begins here: 

Obtain a PUNCH CARL from your instn ;tct addition to the other 

identifying information that must be .: ;rr. -::vd by you 7 you are askeG tz: 
punch out the following : 

COLUMNS 48 and 50 1 - (Sequc. ce Nr .asr) 

54 and 5 £ £ ( T YP e - f 1 Card) 

60 and 61 _0 3_ (Volume Nurriue 

66 and 6> ; 0 4 (Segment Numb' 

Your READING ASSIGNMENT for this Segment i- pgs : 82 

in Dolciani. 
SUPPLEMENTARY NOTES : 

If you were ever in an old-fashioned grocery store, you vc^uld have noticed 
a balance scale consisting of two pans and some metal weights. These 
weights c;an be placed on either or both pans • Clear ly, if zhe scale is in 
balance 5 the weights on each of the pans are equal . This situation re- 
sembles an equation. If you add a weight en one pan, an equal weight must 
be added to the other pan in order to maintian balance. Similarly, an 
equality can be maintained by adding the same amount to both sides of the 
equation. 

In this segment, we will study the ADDITION and the SUBTRACTION PROPERTIES 
OF EQUALITY. We will learn how these properties can be used to find the 
solution set of certain equations, and how we can apply this knowledge to 
solve problems. 

You will now be asked a series of questions to draw your attention to the 
more important points. 

Turn the page for Question 1 . 
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Question 1 

Recognize tii~ ADDITION PROPERTY OF EQUALITY and select the letter next 
to the statement which illustrates it. 



Place each .nation on a separate line; for example, 

17 = ( 13 + 4 ) 
17+ 5 = (13 + 4) + 5 



(A) If 5 + 2 = 7 (C) If 17 = ( 13 - 4 ) 

and 7 = 11 - 4 then 17 + 5= (13 + 4) +5 

then 5 + 2 = 11 - 4 

(B) If 11 = 6 + 5 (D) None of mhese. 
then 6 + 5 = 11 
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You are confusing the DISTRIBUTIVE PROPERTY OF MULTIPLICATION with respect 
to subtraction with the SUBTRACTION PROPERTY OF EQUALITY. 

The SUBTRACTION PROPERTY OF EQUALITY can be expressed in symbolic form 
this way : 

if a = b 

then a - c = b - c 

Please return to page 149 and try this question again. 

2 
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From step 1 to II , the DISTRIBUTIVE PROPERTY was applied. 

From ritep I to III , the ASSOCIATIVE PROPERTY OF ADDITION was used. 

From step III f IV , the problem illustrates the COMMUTATIVE PROPERTY 

OF ADDITION. 

From IV to V , we use the ASSOCIATIVE PROPERTY OF ADDITION once more. 
From V to VI , we have applied the substitution principle. 

Therefore, this choice is correct. 



You have now finished this Segment* Hand in the Punch Card. 

Be sure that you have entered in your notebook the items listed in the 

Supplementary Notes at the beginning of this Segment. 



You should now be able to complete Assignment 3 , problems 9 - 12 . 



Ill 
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You made the correct choice. 



Hidw do we find the solution set of the equation 

n - 7 = 14 ? 
We knew that n - 7 

is equal to 14 
and we want to find the value of 

n 

By the ADDITION PKC^RTY OF EQUALITY, we obtain an equivalent equation 
by adding 7 to sota sides of the given equality. Thus, we have 

n-7 + 7 = 14 + 7 

Now , -7 

and +7 
are inverses and their sum is equal to zero, 
Henc^ we get n = 14 + 7 

or n = 21 

Please go on to question 5 below. 

138 ~~~~ — — — 



Question 5 

Apply the principles of equality and find the solution set for x in the 
open sentence x - i = A 

Select the letter next to the correct value for x . 



(A) 



(B) 



HI 



5 
4 



(C) 



(D) 



1*1 

1-5) 



III 



139 
1 



You are generally told by us to show all your work and not to skip steps 
because this is the surest way to avoid making mistakes. However, here 
we are going to surprise you. Let's examine the steps: 



5x + 3 ( x + 2 ) - 2x 
5x + 3x +6 - 2x 



5x + 3x 
( 5x t 3x 
(5 +3 
( 8 



- 2x +6 

- 2x ) + 6 

- 2 )x + 6 

- 2 )x + 6 
6x + 6 



Distributive Law 

Commutative Law 

Associative Law 

Symmetric Distributive Law 

Addition 

Subtraction 



You should be able ' to justify every little step taken as above, but you 
are advised to actually do the entire set of steps mentally and reduce 
the written operation to just two steps: 



5x + 3 ( x + 2 ) - 2x 
5x + 3x +2 - 2x 
6x +6 

Please proceed to question 18 below. 



Distributive Law 

11 Combine Like Terms 11 



Question 18 

Apply your knowledge to find the choice which has the same value as : 
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24y 



72 



12 



(A) 4y - 12 

(B) 2y - 6 



(C) y - 3 

(D) None of these, 
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You will probably say that this is unfair. It is true that if 

x 2 - 1 = 24 

then 9 

x =25 

and 

x =5 



Then if you apply the subtraction property and subtract 2 from each 
side of the equation, you will get 

x - 2 - 3 
We are asking for a simple one-step illustration of the subtraction 
property. This problem is not an example of only the subtraction property 
and is, therefore, not a good choice. 

Please return to page 149 and try this question again, 

2 
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It is true that in step I the COMMUTATIVE PROPERTY was employed to 
change the order of the terms for convenience in grouping. It is also 
true that this was done on both sides of the equation. But these were 
separate operations, independent of each other. One operation of the 
COMMUTATIVE PROPERTY can be done 0 n either side of the equation alone, 
e.g. 

a + b + c 

/ 

can be altered to a + c + b 



Please return to page 160 and reconsider the problem. 

2 
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You subtracted 7 from both sides .of the given equality when you 
should have added this number. Please keep in mind that in finding the 
solution set of an equation, you need to replace the given equation by 
an equivalent equation where the left side has the variable only. 



In equations of the form: 



we add a 



to both sides 




NOTE; 



ii „ it 



and -a are additive inverses 



Return to page 154 and try this question again. 
2 
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By this time you probably realize that the basic technique of solving 
equations of this type 

x + a = k 

is to either use the addition property employing the additive inverse of 
a or to use the subtraction property and subtract a from both sides « 
Therefore, your error must be in. your handling of fractions. Shall we 
remind you to convert both fractions to equivalent fractions with the 
same denominator? In this case, they both become twelfths. 



Return to page 157 and do the problem carefully. 
2 
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You made the correct choice. 



The ADDITION PROPERTY OF EQUALITY states that if the same number is 
added to equal numbers, the sums are equal. In this case, we have 



17 - ( 13 + 4 ) 
the same number 5 is added , 



and 



Thus, 17+ 5 = (13 + 4) + 5 



in symbolic form, this can be stated: 



if 
then 



a + c 



b + c 



Please go on to question 2 below. 
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Question 2 

Recognize the ADDITION PROPERTY OF EQUALITY and select the letter next 
to the statement which illustrates it. 



(A) If x + y = 8 , then y + x = 8 



(B) If a = 3b , then a + 3 = 6b 



(C) If p = 2q and q = 5 , then p = 10 



(D) If m = 3n , then m + 8 = 3n + 8 



III 



It appears that you used the proper 
in the arithmetic, 

-» 

What is the sura of y and 

Please change ~ into quarters and 
2 fractions. 
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principle, but that you made an error 




find the correct sum of these 



Please return to page 138 and try this question again. 

2 
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In this question, in order that the left side of the given equation 
should contain the letter z only, it is necessary to eliminate 82 from 
that side of the equation „ 



This is an example of the form 
where we employ the additive inverse 



X 


+ a 
- a 


k 




X 




= k - 


a 



Since subtracting a is equivalent to adding -a > we can use the 
subtraction property and subtract a from both sides of the equation. 
Check your arithmetic before you make a decision. 



Please return to page 167 and try this question again. 

2 
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This operation is possible, but if 17 is subtracted from both sides of 
the equation 

17 - x = 3 

-17 = -17 

- x = -14 

The result does not isolate x , but rather negative x - Consider 
which one operation will do the job. 



Please return to page 16.5 and try problem 7 again. 

2 
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It appears that you think that you should add 8,01 and 7.6 • May 
we ask why? Since tb ~ equation was of the form 

k = x + a 

the method you should use is to isolate y; by subtracting a from both 
sides. This is an example of the SUBTRACTION PROPERTY OF EQUALITY. 



Please return to page 152 and try the question again, 

2 
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You made the correct choice. 



If 18 



then 18 



The SUBTRACTION PROPERTY OF EQUALITY states: 

If Che same number is subtracted from equal numbers, the differences 
are equal- 



Please go on to question 4 below. 
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Question 4 

Apply the principles of equality and find the solution set of the equation 

n - 7 = 14 

Select the letter next to the correct answer. 

(A) { 7 } (C) { 2 ] 

(B) (21^ (D) None of these. 
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You were careless in the addition of two decimal numbers . When we add 
decimal numbers, the decimal points must be in the same column. 



Thus , for example, 



should be written as 



.7 + .05 



.7 



.05 



The underlying principle is the rule for adding fractions. Only like 
fractions ( those having the same denominator can be added ) Here, the 
decimals are considered decimal fractions: 



and 



,7 



.05 



_7 
10 



100 



But by making .7 into .70 , it becomes 



-29 
100 



and can be added to 



100 

This can be accomplised by merely aligning the decimal points. 

Please return to page 154 and try this question again. 

2 
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It is true that in step II the ASSOCIATIVE PROPERTY was used to group 
the like terms. By coincidence, it was also used on both sides of the 
equation, but this is not a requirement of the property which merely states 

a + b + c 

can be grouped as ( a + b) + c 

Since you were asked to identify the operation that must be performed on 
both sides of the equation, your choice is not right. 



Please return to page 160 and reconsider the equation. 

2 

III 



Evidently you used the ADDITION PROPERTY OF EQUALITY, but to eliminate 
~ by this property, you should add the additive inverse - ^ 
Of course, the same result could be achieved by subtracting -jr itself 
from both sides of the equation. 

Note; -7" is smaller than i and when the first is subtracted from the 

4 3. 

second the result is positive. 



Return to page 157 and try this question again. 
2 
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Sorry, but we do not agree. 

3 

Part of your difficulty was changing the fraction j to a decimal. To 

refresh your memory, we will change to a decimal. Note that ~ is 

o o 

the same as 

8 T~5~ 

We place a decimal point after the 5 and add a few zeros. Thus, 

.625 
8 ) 5.000 

4 8 

20 

16 

40 

40 



Return to page 163 and try this question again. 
1 
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Sorry, but your choice is incorrect. To eliminate tr*: ~ 4 we must 
first determine its additive inverse. Then we usv ».'■«* 41T:iJj-i02 PROPERTY 
OF EQUALITY and add ~ to both sides of the giver? o • vLon. 



Please return to page 138 and try this question again , 

2 
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It is always possible to subtract 3 from both sides of any equation. 
The point to consider is; will it help towards getting a solution. The 
second point is that if you do decide to subtract 3 , then do it 
properly ! 

The left side of the equation was 

3x + 10 
Now ( 3x + 10 ) - 3 = 

3x + 7 

The 3 can't be subtracted from 3x ; they- are unlike terms. The 
correct result of subtracting 3 

from: 3x + 10 = 17 

3=3 

is: 3x + 7 = 14 
which shows that subtracting 3 didn't help much in finding the solution, 

Now return to page 169 and reconsider the problem. 

2 
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You made the correct choice. 

Equality is maintained by adding the same number 8 to each side. 
Thus, we have the equality: 

m = 3m equality is maintained 

8 = 8 by adding the same number 8 

m + 8 = 3m + 8 to each side. 



Please go on' to question 3 below. 

149 
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Question 3 

Recognize the SUBTRACTION PROPERTY OF EQUALITY and select the letter next 
to the statement which illustrates it. 

(A) If x - 4 = a and a = y - 6 , then x - 4 = y - 6 

(B) The expression 5(6 - 3 ) equals 5x6-5x3 

(C) If 18 = a , then 18 - 5 = a - 5 

(D) If x 2 - 1 = 24 , then x - 2 = 3 

Q III 
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It is possible to subtract 3 

17 

but the result will be 

14 

This did not do what you were 



from both sides of the equation 

- x = 3 

- x = 0 

supposed to do , isolate x 



Please return to page 165 and try this question again. 
2 
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No, we don T t agree. One of the letters does have the correct answer next 
to it. Let T s review the technique. 

This equation has the form: 

x + a « k 

To solve for x we must isolate x on one side of the equation. The 
SUBTRACTION PROPERTY can be used to eliminate the value of a . Suppose 
you apply this principle to the problem presented to you. 



Please return to page 167 and try this question again. 
2^2 
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In order to decide how to eliminate -6 from the left side of the 
equation, it is necessary to use the additive inverse of -6 ; which, 
of course, is +6 . But this does net require an equation to be 
determined. The additive inverse of a is -a 

Since you were asked to identify the operation that must be performed on 
both sides of an equation, your choice is not correct. 



Please return to page 160 and reconsider the equation. 

~2~ 
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An equation can always be solved by substituting different values for the 
unknown; performing the arithmetic and finding the value that satifies. 
But this is a 11 hit-or-miss 11 system. It could be an almost endless 
procedure. Except in the simplest of equations, it is not an efficient 
system^ 



Please return to page 161 and reconsider the other choices. 

2 
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You made the correct choice. Let's review the technique. We have to 
find the solution set. of the equation 

4 3 

6±nze we wane the left side of the equality to contain the letter x onl\ 
we subtract ^ from both sides and obtain the equivalent equation 

X + 4 ~ 4 = 

1 _ 1 

3 4 

« x ■ * - i 



th-: 



4 3 
aS * =12 "12 



tc like fracci.uas x = y^- this value is a member of 

the set. you ciose. 



Please go on to question 11 below. 
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Question 11 

Apply the principles of equality and choose the correct statement concern- 
ing the solution of this equation 

8.01 * t + 7.6 
Select the letter next to the correct answer. 

(A) t 15.61 

(B) t = 0.41 

(C) 7.6 should be added to each side. 

(D) t should be subtracted from each side. 

Ill 
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No, it is possible to solve an equation of the form 



+ a 



where one of the two letters a and b is a fraction; and the other is 
a decimal But one must be changed to the other so that either both are 
fractions or both decimals. 



Return to page 163 and try to solve the equation . 

1 
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In practical problems, you must be able to construct your own equation 
interpreting the data before you can apply the principle of equality to 
solve the equation. It is always a good idea to make a common-sense 
estimate of the correct solution to a problem. If you have to add money 
to the piggy bank in order to get $5 , then the bank had less than $5 
in it. to begin with. 

The answer must, therefore, be a sum of money less that $5 ■ Is this 
the case with the choice you made? 

A second good practice is to examine the equations that you wrote and to 
translate it back into English as a check on its correctness. 

Return to page 168 and try this question again. 
2 
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Very good. You made the correct choice, we have the equation 



1 
2 



1 

4 



In order to find the solution set of this equation, we must isolate 
the x . Since - -| is on the sane side of the equal sign, we must 



do something that will eliminate the - — . 

2 



What number do we add? We add 



since 



+ 



\ ♦ 



-i ♦ i - 0 



JL 

2 



JL 

2 



+ 



JL 
2 



Please go on to question 6 below. 



_1 
4 

1 

2 



_1 
4 



+ =r 



4 + 4 



3 
4 
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Question 6 

Apply the principles of equality and find the solution set of the equation 

y - .7 2.2 



ERIC 



(A) 1.5 

(B) 9.2 



(C) 



(D) 



2.9 



None of these. 
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It is always possible to add 10 to both sides of an equation. 
But it should be done only as a step in isolating the variable v:e 
are solving for. 

In the problem 3x + 10 = J 7 

if you chose to add 10 = 10 

10 should get 3x + 20 = 27 

As you can see, this was not much help. You can also see that you did 
not apply the rule correctly. 

Please return to page 169 and try this problem again. 

2 
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Let us make a common-sense estimate of the answer to this question. 
If we had $4.75 left after spending some money, we must have had more 
than $4.75 to start with. The correct answer must, therefore, he an 
amount greater than $4.75. However, if you solve the equation that 
you chose, 

x = $2.70 

Please return to page 174 and try this question again. 

2 
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This choice, add x to both sides, is possible. 

But the question is, did it do vaat it was intended to do? 

Let's check and see. 

17 - x = 3 
if x is added 17 - -f x = 3 + x 

17 = 3 + x 

Since this did not isolate x in one step, you wiJ have to try this 

question again. 

Please return to page 165 and reconsider. 

2 



156 
2 

In solving an equation of the type 

x 4- a = b 

where a is a fraction and b is a decimal, it is possible to solve it 
by changing the decimal to a fraction and then to apply the subtraction 
property arriving at the solution 

x = b - a 

In the problem 

s + f = .45 

when these fractions are subtracted, the answer is not the same as the 

3 

one you chose. It is generally easier to change the fraction g- to the 
decimal equivalent instead. 

Please return to page 163 and re-do the problem. 

1 



III 



To find the solution set of the equation 

z + 82 = 175 

we use the SUBTRACTION PROPERTY OF EQUALITY. Thus, we obtain in symbolic 
form : 



x + a = k 



a = a 



by subtraction x. 



k - a and 



z + 82 = 175 
- 82 = -82 
z = 93 



This value was one of the elements of the set you chose. 
Please go on to question 10 below. 
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Question 10 

Apply the principles of equality and find the set that contains the value 
of x that is the solution of the equation 



M 1 1 

x + 4 = 3 



Select the letter next to the correct answer. 



(A) 



) 1 _ 2 _ 3 4 \ 

I 7 ' 7 ' 7 ' 7 J 



(B) 



( 1 2 3 4 I 

t 7 ' 7 ' 7 ' 7 J 



(C) 



f _1 _5 _7 

{ 12 '• 12 ' 12 ' 



11 I 

12 J 



III 



(D) 



f__l _ _5 __7 111 
\ 12 ' 12 ' " 12 ' 12 j 
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In an equation of the form 

k = x + a 

when the object is to solve for x the side of the equation that 
contains x is examined. Whatever other values are with x are to be 
eliminated in order to isolate it; therefore, in this form the value 
represented by a is to be subtracted from both sides. 
Subtracting the x will not lead to an immediate solution. 



Please return to page 152 and reconsider the question, 

2 
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This method will solve the problem, but handling the x's separately 
and treating the numbers one at a time is a slow procedure. It is 
more efficient to combine the x's and to combine the numbers before 
they are operated on by the addition or subtraction properties. In 
general, the fewer the necessary steps, the more efficient is the 
procedure. 



Please return to page 161 and reconsider ths other choices, 

2 
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Sorry, but we don't agree. One of the letters does have the correct 
answer next to i » Please reconsider your choice. 

Remember, equations of the form 

x - a = k 

can be solved for variable x by finding the additive inverse of -a 
and adding it to both sides. 



Return to page 154 and try this question again. 
2 
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We don't agree. All you have to do is to interpret the facts, one fact 
at a time. We wish to find out how much money you have in a piggy bank. 
We represent this amount by x . Now, we are told that $1.15 is added 
to this amount. After this is done, we have 

x + 1.15 

in the bank. What else do we know? 

Please continue. 



Return to page 168 and try this question again. 
2 
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Good going! This question was a bit tricky. We had to apply the 
addition property to eliminate the negative x from the left side, and 
also use the subtraction principle to eliminate the +3 from the right 
side where the x would end up. 

This dual operation can be combined into one, 

"add x - 3 to both sides of the equation." 



Please proceed to question 8 below. 
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Question 8 

Determine which principles used in finding the solution of the equation 
below require a simultaneous operation on both sides of the equation, 
3x + 2 - 2x - 8 = 10 - 2 + 11 

3x - 2x +2 
2x) + (2 
x 



(1) 

(2) (3x 
(3) 

(4) x 

(5) + 

(6) x 

(A) COMMUTATIVE PROPERTY 

(B) ASSOCIATIVE PROPERTY 



8 = 10 + 11 - 2 
8) = (10 + 11) - 2 
6 - 21-2 
6 = 19 
6 = +6 
25 

(C) ADDITIVE INVERSE 

(D) ADDITION PROPERTY 
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Your answer is correct. You realize that the ADDITION and SUBTRACTION 
PROPERTIES OF EQUALITY apply to any equation and any value. However, 
the object of their application is to simplify the equation in an 
effort to isolate the variable. 



Please go on to question 14 below. 
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2 



Question 1 4 

Of the following legitimate sequence of operations; choose the one that 
is most efficient in solving the equation for x 
solve for x: 

3x-x-7 + 3 = x 

A. 1. substitute different values for x 

2. perform the arithmetic 

3. see which value satisfies the equation 



B. 1. combine like terms. 

2. add 4 to both sides 

3. subtract x from both sides 



C. 1. add x to both sides 

2. add 7 to both sides 

3. subtract 3 from both sides 

4. subtract 2x from both sides 



D. 1. subtract x from both sides 
subtract 3 from both sides 
J . comb ine the x terms 
4. add 7 to both sides 
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Your choice is incorrect. If you interpret the equation you chose you 
will see that it states the original amount plus what you have left 
equals what you spent. That just doesn ! t make sense, does it? 

If we let x equal the amount of money you started with, then x - 2.05 
represents the money you have left after spending $2.05. Please 
continue . 



Return to page 174 and try this question again. 

2 
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It is true that if 



• - h 



then 16_ 

2 



However, this is an illustration of the SYMMETRIC PROPERTY of the 
equality relationship, not of the DIVISION PROPERTY OF EQUALITY. 



Please return to page 172 and try question 1 again. 

2 



III 



163 



Your answer is correct. Please go on to question 12. 
Question 12 

Apply the principles of equality and find the solution set of the 
equation, 

s + I - .45 
Select the letter next to the correct answer. 

(A) { .075 \ 

(B) ( .75 } 

<« {&) 

(D) An equation containing fractions 

and decimals can't be solved. 



When you interpreted the matching by the father you didn't mean that 

the amount that the father gave multiplied the amount the boy earned 

2 

did you? But that is what x means in the choice you made. 
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Please return to page 179 and reconsider the problem. 

2 
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Another technique of te5>ting an equations correctness, is to solve it 
and interpret the answer. 

Did you find the solution set of the equation you chose? Let us do so 
now. x - 3.85 = 1.15 

Using the ADDITION PROPERTY OF EQUALITY, we get 

x - 3.85 + 3.85 « 1.15 + 3.85, 
and x 8 1.15 + 3.85 a 5.00, 

Clearly, this cannot be correct, because this states that we had $5 in 
the piggy bank to begin with. 



Please return to page 168 and try this question again. 

2 
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It looks like the 

x + a and b + c 
being divided by y influenced you into thinking of the DISTR7, ■ , r VE 

LAW. This law was discussed several segments ago. It can be expressed 
symbolically like this, 

"for all non-zero c, 

a + b 
c 

a + b 
c c 

Now the statement in question 2 does not illustrate the DISTRIBUTIVE 
LAW OF DIVISION with respect to addition. 
It is a matter of timing. To arrive at the expression 

x + a _ b + c 

y y 

when given . 

x + a = b + c , 
we use another property. , 

However, to take that expression and simplify it we would use the 
distributive law and get 

£ + £ = 

y y 

b + c 
y y 

O Please return to page 183 and try question 2 again. „,. 

ERIC ~T 111 
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Very good- Ycu made rhe correct choice. 



We have rbe equation y - J -2.2 



We obcam an equivalent equ3«*on by adding the inverse of 

- .7 

*r.a borb sides ci the equality, The inverse of 

~ .7 is + ,7 
sinu:e - -7 +• ,7 =0 

Thus , we ge t 

y - .7 + u 7 « 2.2 + .7 and 
y +0-2,9 
y = 2,9 

Please go on to question 7 which follows. ■ 
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Q uestio n ? 

Apply r.be principles of equality and choose the correct operation that 
wil'! ieolatP the variable in one step in. the solution of the equation 

17. - x = 3 
Select the letter next to the correct answer. 

I A; Subu&ftt 17 from both sides of the equation 

(B) Subtract 3 from both sides of the equation 

(C.J Add x to both sides of the equation 

CD) Add x - 3 to both sides of the equation 
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The REFLEXIVE PROPERTY of equality states that 

x « x 

Choice B illustrates that principle, not the DIVISION PROPERTY OF 
EQUALITY. 



Please return to page 172 and try question 1 again. 

2 
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The SYMMETRIC PROPERTY of the equality relationship states that if 

a = b then b = a 
This is what has been illustrated in choice B , 
If 10 = ( 5 ) ( 2 ) 

then ( 5 ) ( 2 ) = 10 

the question asked you to recognize with MULTIPLICATION PROPERTY OF 
EQUALITY. 

Did you write an example of this property in your notebook? 
The MULTIPLICATION PROPERTY states that: 
"For every a , every b , and every c , 

if a = b then ac « be 11 

Please return to page 188 and try question 3 again. 

2 
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Good. You figured this problem out correctly. Each of the other 
properties can be employed on any collection of terms, whether or not 
they are in an equation. But the ADDITION PROPERTY OF EQUALITY states 
that if an quantity is added to one side of the equation then it must 
be added to the other side as well. 



if 


x = k 




then 


x + a . = ] 


t + a 



of course, this rule, combined with the. additive inverse can be used 
to solve equations of the form 

x - b = k 
b = b 

x = k + b 

as well. 

Now proceed to question 9 below. 
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Question 9 

Apply the principles of equality and find the set that contains the value 
of z that is the solution of the equation, 

z + 82 = 175 
Select the letter next to the correct answer. 



A, 


| 247 


, 257 , 267 , 


277 


B. 


{„ 


, 83 , 93 , 


103 


C. 


(l73 


, 183 , 193 , 


203 


D. 


None of these 


sets contains 


the 
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We agree. This is the most efficient method in mathematics. When more 
than one method of solution is possible the shortest is usually considered 
the preferable one. The word "elegant" is reserved for a particularly 
concise proof. 



Now proceed to question 15 below. 

168 
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Question 15 

Apply the principles of equation formation and select the letter next to 
the equation whose solution set is the answer to the following question: 

How much money did you have in your piggy bank, if after 

adding, $1.15, you have $5.00? 

(A) x - 1.15 = 5.00 

(B) x + 1.15 = 5.00 

(C) x - 3.85 = 5.00 

(D) x - 3.85 = 1.15 

III 
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Very good. You made the correct choice. It is nice to see that you 

3 

remembered how to change the fraction g to a decimal. 



Since 

i = - 375 

we can write, 

s + .375 = -45 
Now, we apply the subtraction oroperty of equality and we get 

s + .375 - .375 = -.375 + . 45 
and s = .45 - .375 

s = .075 



Please go on to the next question, below. 
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Question 13 

Apply the principles you have learned and select the operation that 
was properly applied in the first step in solving this equation for 
x: 3x + 10 = 17 

(A) Subtract 3 from both, sides x + 10 = 14 

(B) Add 10 to both sides 3x = 27 

(C) Subtract 10 from both sides 3x " 7 

(D) Subtract 3 from both sides x + 7 =14 
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There 'is nothing wrong with the thought behind your equation. But there 
are two mistakes in your algebraic representation of the ideas » 
First, the dollar signs are not included in the equation. They just add 
confusion. The statement, "Let x equal the number of dollars" implies 
that all of the other numbers represent numbers of dollars too. 
Secondly, the "x" stands for the the number of dollars whatever it turns 
out to be, decimals, fractions, or whole numbers. It is poor practice to 
write x.QO W hen "x" will do just as well. 

Please return to page 174 and try the question again, 

2 
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Division is not an associative operation. 
Consider the following 

36 divided by 6 divided by 3 
36 - 6 - 3 + 36 - (6 - 3) 
6 - 3 36 -2 
2 18 

To avoid this contradiction the rule for order of operation states that 
divisions are performed in order, from left to right. Since division is 
not an associative operation, the statement cannot be an illustration of 
the ASSOCIATIVE PROPERTY of division. 

Please return to page 183 and try question 2 again. 

2 
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Oops, an oversight on your part. 

After he spent five dollars, he had a dollar more than his original pay 
chezk , 

Now you didn ! t handle that properly, did you? 

Return to page 179 and reconsider the question. 

2 
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The DISTRIBUTIVE PROPERTY of multiplication deals not only with the 
operation of multiplication, but also with another operation that the 
multiplication is to be distributed over. 

Algebraically, we represent the distributive law of multiplication over 
addition as 

a ( b + c ) =ab + ac 
and the distributive law of multiplication o t ir subtraction as 

a(b-c) =ab-ac 
Neither or these is the example in the problem. 



Please return to p.age 193 and try question 4 again . 
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VOLUME _3__ SEGMENT begins here: 

Obtain a PUNCH CARD from your instructor. In addition to the other 
identifying information that must be furnished by you, you are asked to 
purv-h out the following: 

COLUMNS: 48 and 50 I 5_ (Sequence Number) 

54 and 56 £ 4- (Type of Punch Card) 

60 and 62 0 3 (Volume Number) 

66 and 68 £ 5^ (Segment Number) 
READING ASSIGNMENT: Pages 83 84 
SUPPLEMENTARY NOTES: 

You have just finished investigating the ADDITION PROPERTIES OF EQUALITY 
and how the additive inverse figures in the application of these. 

We will now extend our discussion to include the operations of 
multiplication and division in the solution of equations. These two 
operations also have an inverse. 

ill 
2 

Question 1 

Recognize which of the following illustrates the DIVISION PROPERTY OF 
EQUALITY: 



(A) if 



8 - ? ~2 



(C) if 



16 = y 



then 



16 



then = | 



(B) 



16 
2 



16 
2 



(D) if if - 8 



9 

ERLC 



24 

then ^-=8 
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Although this choice contains a multiplication, and is an equal it.» , it 
does not illustrate the MULTIPLICATION PROPERTY OF EQUALITY, Rather 

(8) (7) = (8) (7) 
is an illustration of the REFLEXIVE PROPERTY of the equality relationship 



ERIC 



Please return to page 188 and try question 3 again, - 

2 
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The statement 




84 
12 



is NOT correct. 

The expression on the left ;-.-ide of the equal sign is equal to 21 . 

It is evaluated by first dividing the 3 into 12 , then dividing that 

quotient into 84 . The expression on the right is equal to 

I 
3 

The fact tha J the left and right sides are not equal shows that this 
could be an example of why division is NOT associative. 



Please return to page 185 and try question 5 again. 

2 
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You made the correct choice. 

If we let x equal the amount of money in the piggy bank, then 

x + 1.15 

is the amount after 1.15 

has been added, but this amount is $5 ; hence the equation is 

x + 1.15 = 5.00 



Please go on to question 16 below. 

174 
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Question 16 

Apply the principles of equation formation and select the letter next to 
the equation whose solution set is the answer to the following question: 

How mu-.h money did you start with, if after spending $2.05 
you have $4.75 lef ? 

(A) x 2.05 = 4.75 

(B) x + 2.05 = 2.75 

(C) x + 4.75 = 2.05 

(D) $x.00 - $2.05 - $4.75 



III 



175 

1 



You have the correct ider . but you broke a rule or two. 

you can T t introduce a letter into an equation unless it has been 
delmed. 

You didn't tell what "p ,f and "y" stood for. 

Secondly, if an idea or variable is used in more .than one place in an 
equation the same letter should be used to stand for it. 



Return to page 179 and try this question again. 
2 
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Evidently you attempted to apply the principle of division of both 
sides of the equation by 2. 

But \tfhen one side of the equation is a binomial you must employ the 

DISTRIBUTIVE PRINCIPLE, as well, that is, 

a + b when divided by 2 

can be written as: cannot be written as: 

( a + b ) f 2 a + b -f- 2 

a ± b , b 
2 a + 2 

\ ( , + b ) | + b 



i- j e return to page 189 and reconsider the problem. 

1 
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The operation of addition is commutative because 

a + b = b + a 
The operation of multiplication is commutative because 

(a)(b) = (b)(a) 

Let's consider division 

a ? b 
b a 

Take a simple example: 

Does 4 8 

This shows that the operation of division is not commutative. Tl 
statement cannot be an illustration of the COMMUTATIVE PROPERTY OF 
DIVISION since there is no such principle. 

Please return to page 183 and try question 2 again. 

2 
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The COMMUTATIVE PROPERTY OF MULTIPLICATION deals with the reversability of 
the factors in a multiplication example. If we say that 

(a)(b) = a 
then (b) (a) 

will also equal x 

- This property is not the one represented in the example. 



Please return to page 193 and try question 4 again . 

2 



16 - Q 

It is true that — - a? 

24 

and it is also true that — ^ - 8 

but this does not represent the DIVISION PROPERTY OF EQUALITY. 
The DIVISION PROPERTY OF EQUALITY states that if 

a = b , 

and c does not equal zero, then 

a :5s b 
c c 



Please return to page 172 and try question 1 again, 

2 
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The MULTIPLICATIVE PROPERTY OF EQUALITY states that ac = be. 
if a = b 

c = c 



ac = be 

thus, 

x = 4y 

2 = 2 



2x = 8y 

The statement is eorreet sinee it parallels the MULTIPLICATIVE PROPERTY 
OF EQUALITY; and thus, the correct truth value for statement I is TRUE. 

Please return to page .185 and try question 5 again. 
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Although this choice contains both a multiplication and an equals sign 
it is not an illustration of the MULTIPLICATION PROPERTY OF EQUALITY. 

The MULTIPLICATION PROPERTY OF EQUALITY states that "for every a, every b, 
and every c, 

if a = b then ac = be." 
The statement in choice D, if 

(6) (4) = 24, 

then 

(4) (6) = 24 
is an illustration of the commutativity of multiplication. 

Please return to page 188 and try question 3 again. 

2 
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Your choice is not correct. 
The object is to solve for t. 

Choose the proper inverse operation to eliminate the 4 and check your 
work carefully. 

Return to page 194 and try this question again. 
1 
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You made the correct choice. 



If we let x eaual the amount of money you had to start with, then 

x - 2.05 

represents the amount of money left after spending 

$2.05 

Now, this amount is equal to 

$4.75 

Hence, the equation is: 

x - 2.05 = 4.75 

By using the ADDITION PROPERTY , adding $2.05 to both sides, 

x = $6.80 
Please go on to question 17 below. 
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Question 17 

A boy got a job as a messenger . His father said that he would match 
whatever he was paid. After payday the boy received his fathers gift 
and later spent 5 dollars . To his surprise he had a dollar more than 
his original paycheck left. What was his pay for being a messenger. 
Let x equal the number of dollars he received in his paycheck. Choose 
the equation that describes the situation. 

(A) x + x - 5 = x + 1 

(B) x 2 - 5 = x + 1 

(C) 2x -5 1 

(D) x + y- 5 = p + 1 



1c J 

1 

Associativity is a property of an operation. The ASSOCIATIVE PROPERTY 
'>F ADDITION states that 

a + fb + c) - 
(c + b) + c. 

It can be expressed verbally as "the addition of thre: elements may be 
performed by grouping any tv;o of the elements and adding the third to 
the sum of the grouping.' 1 The ASSOCIATIVE PROPERTY OF MULTIPLICATION 
states that 

a (be) = (ab) c. 
There is no such thing as the multiplication property of associativity. 

Your answer is incorrect. 

Please refer to your notes and review all the different properties. 

Then, return to page 193 and try question 4 again. 

2 
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After you have applied what you think is the correct principle to solve 
the problem, you should check the reasonableness of your answer. 
Suppose that you ask yourself the following question: 
If 12y equals *j 

will y equal more or less than ~ ? 

Clearly, the answer is less than -j 

Thus, any choice greater than ~ must be wrong. 

Please return to page 186 and try this question again. 

2 
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You will be surprised at: this, because you probably though that you 
had analyzed the problem correctly, 

It T s true that the DIVISION PRINCIPLE OF EQUALITY means that both sides 
of the equation can be divided by the same val_e. Rut it is part of 
the principle that zero cannot be used as a division. 

Therefore? the answer should have read: 

2x + 4 14 , n 

= — if a 5* 0 

a a 

Return to page 189 and reconsider the problem, 
1 
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In solving an equation involving decimals and fractions, the procedure 
is to change all of the numbers to the same type, that is, all decimals 
or all fractions. Then the principles of equality can be used to isolate 
the variable. 

In your choice: 

3 3 
.5r = -j- we change to .75 

.5r = .75 
.75 

. 5 (divide both sides by .5) 
r = 1. 5 

Since the choice you made is a proper method and you were asked to choose 
an incorrect statement you are not right. 



Return to page 198 *uid reconsider the- problem. 
2 
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You seem to be having trouble with decimals in di ions. 
Let's review some (■:. v.he prin-v" ;--les involved. 

A fraction can be multiplied by 1 or an expression equaling 1 , 
without affecting its value. 

? - f • <» 

c 

now since — = 1 , we can also 

write _a _ a. m c_ 

b " b " c 

We can use this principle to remove the decimal from a denominator by 
choosing a power of ten for c equivalent to the decimal position, 
e.g. 

"tenths" 



3 = 3 (10 \ _ 30 

.2 . 2 X \ 10 / 2 

= JS_ ( 100 \ 300 

.25 X UOO/ 25 



"hundredths" __3 

.25 .25 " Vl0O/~ 25 etc, 



Please return to page 191 and reconsider the question. 

2 
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Even though we have rules for finding the solution set of an equation, 
it is important to make a common sense estimate of the answer to a 
question. We are told that when s is divided by 14 the result 
is 28 . 

Thus, the value of s must be much larger than 28 . Keep this in 
mind . 

w •* 

Please return to page 203 and try this question again. 

2 

III 



The DIVISIOi; PROPERTY OF EQUALITY states that if equal quantities are 
divided by equal, non-zero quantities, then their quotients are equal: 
that is , 

if 
and 
than 

NOTE : 

Your answer is correct. 
Please go on to question 2 below. 
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Question 2 

Choose the statement below that best describes the following: 
if x + a = b + c 

and if y ^ 0 

then x + a __ b 4- c 

y ~ y 

(A) illustration of the DISTRIBUTIVE LAW OF DIVISION with 
respect to addition. 

(B) illustration of the DIVISION PROPERTY OF EQUALITY. 

(C) illustration oJE the ASSOCIATIVE PROPERTY OF DIVISION. 

(D) illustration of the COifMUTATIVE PROPERTY OF DIVISION. 



>: = y 

a = a 

* = 2. 

a a 

a + 0 



16 = y 

3 = 3 

16 = 2. 

3 3 
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You dug out the algebraic relationship quite veil. Sometimes a picture 



the problem helps ciar: 


Lfy the 


relationships : 






1 PAY 

r 




GIFT 




SPENT 




PAY 


+ 


X 












X 





always list what the unknown stands for. 

Let >: = amount earned 

x = f atner ! s gift (same amount as earned) 
Let T s solve this, then we can check the .answer against the original 
problem. 

x + x - 5 
2x - 5 
x - 5 

x 

CHECK: 

$6 + $6 gift = $12 

less spent $ 5 

left $7 which is $1 more than pay. 
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You have now finished this Segment. Hand in your Punch Card. 

You should have entered in your notebook the following definitions and 

formulas : 



(1) The addition, property of equality: If a, b, c are any numbers 
and a = b 

then a + c = 

b + c 

(2) The subtraction property of equality: If a, b, c are any 
numbers 

and a = b 

then a - c = 

b - c 



You shculd now be able to complete the following problems from your 
homework assignment: Problems 13, 14, 15, and 16 

III 



= x + 1 

= X + J 



combine 
subtract x 
add 5 
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The statement 

"For each a , each b , and each c , if 

a = b 
then ac = be " 

is the symbolic representation of the MULTIPLICATION PROPERTY OF 
EQUALITY. 

This is an important tool used in solving equations containing a 
fraction coefficient of the variable. 

a 

then 

a = a 

a — = a b 
a 

x = ab 



Please proceed to question 5 below. 
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Question 5 

Apply your knowledge of the MULTIPLICATION AND DIVISION PROPERTIES OF 
EQUALITY to the statements below, then select the choice containing the 
correct truth value: 

I The statement that if x = (4) (y) 

then 2x = 8y 
is correct because of the MULTIPLICATIVE PROPERTY OF 
EQUALITY. 

84 84 

II The statement: — j-— = — 



3 3 

is correct because of the DIVISION PROPERTY OF EQUALITY. 

(A) 1. false (C) I. false 
II. true II. false 

(B) I. true (D) I. true 
II. true II. false 
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Since the object is to find the value of t , we must isolate the 
variable on one side of the equation. In this case this means that 
4 must be eliminated. 

Since 4t means t is multiplied by 4 3 

we must choose the inverse operation of multiplication, which is 
division . 

Therefore, we apply the DIVISION PRINCIPLE OF EQUALITY to 

4t = 32 

and divide both sides by 4 

4=4 

giving 

t = 8 

The set you chose included this value as a member. 
Please proceed to question 8 below. 
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Question 8 

Apply the proper principle and find the set that contains the solution 
of the equation, 

Select the letter next to the correct answer. 
(A) 



(B) 



(C) 



{ 2, 4, 9, 36 } 

{ n§ , 12 i \ 

I 3 ' 4 J 
I 12 '15 ' 36 j 
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Very good. You made the correct choice. We have to find the 
solution set of the equation 

3 3 

Now, 

3 = ~T 

Thus, the equation becomes, 

w _ 14 

3 3 

Multiplying both sides of the equation by 3 , we obtain the equivalent 

equation, - . 

| (3) - i| (3) 

and 

w = 14 ■ 

It might be interesting to note that a different way of looking at the 

problem can arrive at the correct answer. If two fractions are equal, 

and they have the same denominator as 

w . J 14 
3 and "3 

have; then their numerators are equal. That is, if 

a_ c_ 

b ~ b 

then 

a = c 



Please go on to question 14 below. 
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Question 14 

Apply the proper principle and find the set that contains the solution of 
the equation 8x - 7 = 41 

Select the letter next to the correct answer. 

(A) (46, 48, 50} 

(B) { 4, 6, 8, id) 

(D) {l9, 29, 40} 

III 
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"Equal quantities divided by equal quantities give equal quotients." 

This is another way of expressing the DIVISION PROPERTY OF EQUALITY. 
Algebraically, the property can be expressed as 
"if x = b 

an ^ if y does not equal zero, 

then 

x m b " 

y y 

You are correct then in saying that B is the best completion of the 
statement. 

Please go on to question 3 below. 

188 
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Question 3 

Recognize which of the following illustrates the MULTIPLICATION 
PROPERTY OF EQUALITY: 

(A) if 5 = (3 + 2) then 5(4) = (3 + 2) (4) 

(B) if 10 = (5) (2) then (5) (2) = 10 

(C) (8) (7) = (8) (7) 

(D) if (6) (4) = 24 then (4) (6) = 24 



III 
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This choice is correct. 

Please proceed to question 6 which follows. 
Question 6 

Apply the Division Principle of Equality and consider the following 
statements in relation to 

2x + 4 = 14 
Choose the correct derived equation. 

(A) 2x + 4 7 2 = 14 f 2 

(B) |S + 4 = i| 



1 14 
(C) ~ (2x + 4) = ±1 



(D) 



2x + 4 = 14 
a a 
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You will find that the value for x is the solution set of the equation. 
It checks^, but the other important consideration is whether the equation 
itself fits the problem. 

Careful re-reading will show that your interpretation is wrong. 



Please return to page 201 and try this question again. 

2 
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To eliminate the decimal in an equation, one method is to multiply both 
sides of the equation by 10 or 100 or some other power of 10 large 

enough to counteract the decimal's magnitude. 

3 

In your choice: .5r « T NOTE: Since .5 is 5 tenths 



4 



when it is multiplied by 10 , 
it would become a whole number. 



30 

5r = — (multiply both sides by 10 ) 



r = 



r = 



4 

2~ (divide both sides by 5 ) 

3 
2 



Since the choice you made is a proper method, and you were asked to choose 

an incorrect statement, you are not right. 

Please return to page 198 and try the question again. 

2 

190 

2 

Your idea of multiplying both sides of the equation by 10 indicates tSat 
you intended to get rid of the decimals first. Ordinarily, that is not; a 
bad idea though it does show that you don T t like to work vith decimals. 

n 



But 



— 2~ when multiplied by 10 



does not become — 

4 

Let's examine this more carefully: 



n , 4 

10 



,4 means n * 10 



this equals n x 

4 

now, if we multiply this by 10 , 

we get n x 100 

4 or 25n 

Doesn't that surprise you? 

Of course * on the other side of the equation, 3.6 when multiplied by 10 
becomes 36 . 

q Please return to page 197 and do this problem over again. 

ERJC ~ in 
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Very good. You made the correct choice. We have to find the solution 

set of the equation, , 

12y = -J 

In order to obtain the value of one y , we must eliminate the 12 . 
Therefore, since 12 multiplies y we use the inverse operation and 
employ the DIVISION PROPERTY OF EQUALITY dividing both sides of the 
equation by 12 . 
Thus we have 

Now, dividing by 12 is 
the same as multiplying by 
the reciprocal of 12 which 
1 

13 12 

Please go on to question 9 below. 



12y 1 



12 _3 
12 
1 1 
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Question 9 

Apply the proper principle and find the solution ^et of the equation 

.4z = 4.8 

Select the letter next to the correct answer. 

(A) { 12 ) 

(B) { .12 } 

(C) { 1. 2 } 

(D) { 4. 4 } 
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The statement says 

"none of these." 

But there is a number offered, which when divided by 14 equals 28 . 
Check your calculations. 



Please return to page 203 and choose the correct answer, 

2 



19 2 



It is advisable that you change the mixed number 

to an improper fraction before you start to solve this equation. 
You see, 

2 
4- 
3 

2 

does not mean 4 x — 

3 

o 

rather it means 4 4- — 

which can be changed to ~ 

Once this is done, you can use the MULTIPLICATION PRINCIPLE OF EQUALITY, 



Please return to page 202 

2 



and try this question again. 
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The MULTIPLICATION PROPERTY OF EQUALITY may be represented as 
"for every a , every b , and every c , if 

a = b 

then ac = be " 

Thus > if we think of the 5 as a, the (3 + 2 ) as b , and the 
4 as c ; we can reason along the following lines: 

if a = b Likewise if 5 = ( 3 + 2 ) 

then ac = be then 5(4) = ( 3 + 2 ) (4) 

Your answer is correct. 

A is the illustration of the MULTIPLICATION PROPERTY OF EQUALITY. 
Please gc on to question 4 below. 
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Question 4 

Choose the statement below that best completes the ' following : 
"for each a , each b , and each c , 
if a = b 
then ac = be " 
is the symbolic representation of the algebraic rule: 

(A) the DISTRIBUTIVE PROPERTY OF MULTIPLICATION. 

(B) the COMMUTATIVE PROPERTY OF MULTIPLICATION. 

(C) the MULTIPLICATION PROPERTY OF EQUALITY. 

j j j (D) the MULTIPLICATION PROPERTY OF ASSOCIATION. 
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Your choice is correct. 

Of course, division by 2 can be also written as multiplication by | 



Now we proceed to question 7 which follows. 
Question 7 

Apply the proper principle of equality and choose the set that contains 
the value of t that satisfies the equation 

4t = 32 

Select the letter which has the correct statement. 

(A) { 32 , 34 , 36 , 38 } (C) j 4 , 6 , 8 , 12 } 

(B) { 24 , 26 , 28 , 30} (D){l20 , 124 , 128 , 132 ] 
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In order to find the solution set of this equation, it is necessary to 
use two properties of equality. 

First apply the addition property, to eliminate the 7 , and then use 
the division property. 



Please return to page 187 and try this question again. 
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You were the victim of incomplete analysis. 

Usually xvhen a number is divided by another number the quotient is 
smaller than the number that you started with. 
For example, 

^ = 5 
2 D 

But if the number is divided by a fraction or by a decimal, the quotient 
is larger. 

Consider this in 

"I = 10 

Noxtf if 1 goes into 10 , 10 times, would a fraction smaller than 1 
go into 10 more than 10 times? 

e -s- -19- = 20 

~~2 



Please return to page 19 7 and reconsider this problem, 

2- 
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In solving an equation involving decimals and fractions, the procedure 
is to change all of the numbers to the same type; that is, all decimals 
or all fractions. Then the principles of equality can be used to isolate 
the variable. 

In your choice 

3 5 1 

.5r = we change .5 to — or y 

1 3 

Tp: = (multiply both sides by 2) 

3 

r = 2 

Since the choice you made is a proper method, and you were asked to 
choose an incorrect statement; you are not right. 



Please return to page 198 and try the question again. 

2 
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Your choice is correct. 
Let's review the procedure. 

We let x equal the number in question 

one-third of the number = 

Translating: 

one-third of a number is 15 less than 51 




^ x = 36 

multiply by 3 

x = 108 



Please proceed to the next question below. 
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Question 16 

Apply your knowledge, set up the equation and solve it. 

Select the letter which correctly answers the following question: 

In 8 years from now, Jack will be y his father's present age. 

If Jack's father is now 38 years old, how old is Jack now? 

(A) Between 5 and 10 . 

(B) More than 15 but less than 18 . 

(C) More than 10 but less than 15 years old. 

(D) 15 years old. 
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You made ice. 

We have Lu . ,»c solution set of the equation, 

if - 28 

The letter s whose value we are trying to determine is divided by a 
numb er . 



When this is the case, we use the inverse operation of division and employ 
the multiplication property of equality.- We multiply both sides of the 
equation by 14 and obtain the equivalent equation, 

14 (28) 
392 

Please go on to question 12 below. 



s = 
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Question 12 

Apply the proper principle and find the solution set of the equation, 

? = 3.6. 
.4 

Select the letter next to the correct statement. 

(A) The value of n is less than 1~ 

(B) Divide both sides of the equation by .4 

(C) Multiply both sides of the equation by 
10 to eliminate the decimals first. 

(D) The value of n must be greater than 3.6 
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Very good. You made the correct choice. We have to find the solution 

set of the < quatio- 

.4z = 4.8 

In order to find the value of z when we have the value of .4z, it 
is necessary to eliminate the ,4 which multiplies x by dividing both 
sides of the equation by ,4 
Thus , 

•4z = 4.8 

,4 = .4 
4.8 

Z = ~ 
z = 12 

Hence, z = 12 is the correct answer. 

Please go on to question 10 below. 

198 
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Question 10 

Apply the proper principles that can be used to find the solution set of 
the equation 

• 5r = 4 

Select the letter next to the wrong statement. 

3 
4 



3 

(A) Change -r to .75 and divide both sides by .5 



(B) Change .5 to i and multiply both sides by 2 



(C) Multiply both sides by 10 and then divide both sides by 5 

(D) Decimals and fractions can't be in the same equation. 

Ill 



No matter how a problem has been solved you should check your answer 
against the original verbal problem as well as against the equation 
you btructed. 

Lhat Jack was 10 , in eight years he'd be 18 . Is that half 
of the fathers present age ? No, it isn't • 

Return to page 196 and reconsider the problem. 

2 
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You didn ! t apply the principle carefully. 

— = 3.6 when divided by .4 
. 4 

would become 

a _l = 3^ 
.4 " .4 .4 

Although this is a possible operation it is not one that will lead 
immediately to a solution. 
Consider the pro to- type 

— = b (multiply by a) 
a 

x = ab 

Now return to page 197 and reconsider the problem. 

2 

III 
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You are not using the correct property of equality necessary to find 
the solution set of the given equation. When the letter that we are 
solving for has a numo ral coefficient, the equation is divided by 
this coefficient . 



Please return. to page 191 and try this question again. 

2 



200 
2 

Evidently you misread the problem 
will be half of his father's age. 
present age at that time. 



and think that in eigtu; years Jack 
No, Jack will be half of his father's 



Return to page 196 and reconsider the problem. 

2 
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Very good. You made the correct choice. We have to find the solution set 
of the equation, 

8x - 7 - 41 

Fiidt, we use the ADDITION PROPERTY OF EQUALITY and add 7 to both sides 
of the equation. We get, 

8x - 7 + 7 = 41 + 7 
and 8x = 48 

Now we use the DIVISION PROPERTY . and divide both sides by 8 

8x 48 

8 8 



lease go on to the next question. 
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qes tion 15 

A;ply your knowledge and se_=ct the equation whose solution set is the 
correct answer to this question: 

one third of a certain number is 15 less than 51 , what is this 
numb er? 

(A) | - 15 - 51 , x = - 108 

(B) j - 51 - 15 , x = + 108 

(C) -i- (x - 15) = 51 , x = 168 



(D) 15 - 3x - 51 , x = - 12 



III 
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To solve an equation of Che form 

* = b 
a 

we multiply both sides by a 

x = ab 

If a happens to be a decimal, it doesn't change the procedure at all. 

Hence , in n 0 r , , . , , . . 

= 5 . 6 (multiply by .4) 

n = ( 3.6 ) ( 4 ) 

n = 1.44 

Since this value is less than 1-j your answer is correct. 



Proceed to the next question below, 
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Question 13 

Apply the proper principle and find the solution set of the equation 

w , 2 

3 = 4 3 

Select the letter next to the correct answer. 

(A) { 8 } 

(B) { 12 } 
(C) 



3 

(D) ( 



a } 
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Your choice is correct. 

Although it is not the most common situation, it is perfectly alright 
to have decimals and fractions in the same equation. For that matto*", 
decimals are a form of fractions. 

The mixture just makes it more imperative to choose an efficient 
procedure before solving the equation. 

Now proceed to the next question below. 



Question 11 

Apply the proper principle of equality and choose the set that contains 
the value of s that satisfies the equation 



Select the letter next to the correct answer 
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(D) 



None of these 
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One of the best ways to solve a verbal problem is to set up a rhnri i' 
which you locate the van" or • quantities that relate Lu the 

problem. In this problem, for example, you would write: 





Age now 


Age 


in eight years 


Jack 


X 


X 


+ 8 


Father 


38 


46 





These then are the facts needed to set up the equation. 

In 8 years, Jack will be his father T s present age. 

x + 8 = y (38) 

x + 8 = 19 subtract 8 

x - 11 

Then ~his should be checked: 

Jack will be 19, which is half of his father T s present age. 

You have now finished the volume. Complete the homework assignment. 

Study your notes for the volume test. 

Hand in your punch card. You should have entered in your notebook, the 
following definitions and formulas: 

(1) The DIVISION PROPERTY OF EQUALITY: when equal numbers are 

divided by the same number, the quotients are equal. (you may 

not divide by zero) . 

r 2) The MULTIPLICATION PROPERTY OF EQUALITY: when 2 equal 

numbers are multiplied by the same number, the products are equal. 

You should now complete the remaining problems of your homework 
assignment, in prepara~ for a test on Volume 3 . 

Ill 
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To the users of t'„±s book: 

Computer analysis d£ the student's performance in his progress 
through this Look will have as one of its purposes the collection 
of data indicating the need for revision of the material presor.te'. 
Certain typographical errors already c::ist and will also be 
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• sted below a-_-o .ilr.prints that will affect the mathematics of the 
f oblems. Ma!:o c careful correction of each misprint as follows: 

• eiascK 

PAGE; MISPRINT: CORRECTION : . m^ll 

CORRECTION 



45 39.13 39-13 
2 

170 

2 ZZ-C-Zf 36- (6-3) 36j6*3 f 36 t (6*3) 

o-Zf 36-2 G£3 f 36 -- 2 

?. t 18 2 ^ 18 

139 

1 2/:y - 72 24y - 72 

12 12 



iiADE 



